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ABSTRACT 
A  Level  I  code  format  is  proposed  for  the  buckling  design  of  ring-stiffened 
cylindrical  shells  under  external  pressure.  Depth  independent  partial  safety 
factors  to  be  applied  to  the  resistance  (collapse  pressures),  are  proposed  for  the 
four  relevant  collapse  modes  Unterframe  Shell  Collapse,  Frame  Yield,  Plate 
Yield  and  Frame  Tripping),  covering  design  and  fabrication  factors.  A  partial 
safety  factor  to  be  applied  to  the  load  (external  pressure),  and  varying  with  the 
design  pressure  and  the  maximum  expected  overdiving,  is  proposed  to  cover 
operational  factors.  For  deep  diving  vessels  or  in  cases  in  which  the  risk  of 
overdiving  is  not  relevant,  it  is  proposed  that  the  overall  safety  factors  used 
in  design  may  be  smaller  than  those  presently  recommended. 
In  order  to  obtain  such  partial  safety  factors,  different  aspects  of  strength 
modelling  and  Structural  Reliability  had  to  be  addressed.  On  the  strength 
modelling  side,  the  work  was  focused  on  the  frame  collapse  modes. 
Seventy  two  experimental  results  were  compiled,  corresponding  to 
machined  models  failing  by  elastic  General  Instability.  Finite  Element  (FE) 
meshes  were  validated  in  view  of  mesh  studies  and  experimental  results  and 
further  used  in  parametric  studies.  The  effect  of  boundary  conditions  on  the 
elastic  General  Instability  pressure  pn  was  investigated  in  view  of  both 
experiments  and  results  of  the  FE  models.  Statistical  properties  were  obtained 
for  the  model  uncertainty  associated  with  pn. 
Thirty  five  experimental  results  were  compiled  corresponding  to  welded 
models  failing  by  General  Instability.  FE  models  were  validated  in  view  of  the 
most  relevant  of  these  experiments  as  well  as  in  view  of  other  numerical 
results  found  in  the  literature. 11 
A  closed  form  solution  for  the  elastic  Frame  Tripping  pressure,  based  on 
energy  methods  and  showing  good  agreement  with  FE  and  other  numerical 
results,  was  introduced.  FE  parametric  studies  showed  the  effects  of  initial 
tilting  angles  of  up  to  40  to  be  considerably  less  harmful  than  an  initial  o-o-c 
of  0.5%R,  supporting  the  use  of  a  modified  Tangent  Modulus  approach  for 
inelastic  Tripping. 
On  the  Structural  Reliability  side,  different  reliability  methods  were 
reviewed,  implemented  and  compared  and  the  possibility  of  obtaining  the 
failure  probability  in  case  of  overdiving  (or  as  a  function  of  the  external 
pressure  in  general)  was  verified,  using  any  of  the  above  methods. 
Notional  safety  levels  of  various  types  of  existing  structures  were  reviewed 
and  target  safety  levels  were  proposed  for  externally  pressurised,  internally 
ring-stiffened  cylinders  in  the  four  modes  under  consideration.  Finally, 
partial  safety  factor  optimisation  was  carried  out  to  obtain  the  partial  safety 
factors. 111 
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NOTATION 
(valid  unless  a  different  local  specification  is  found) 
a,  b,  c  Coefficients  of  eq.  (46),  given  in  Appendix  2 
A1,  B1,  B2,  C1,  C2  Arbitrary  Constants,  eq.  (38) 
Af  Cross  Sectional  Area  of  Frame  Flange 
AP1  Cross  Sectional  Area  of  Plating,  AP1=  Lst 
AS  Cross  Sectional  Area  of  Frame 
Ah,  Cross  Sectional  Area  of  Frame  Web 
b  Koiter's  Imperfection  Sensitivity  Parameter 
bf  Flange  Breadth 
C  Rotational  Constraint,  C=  Con  (1  -  pt/pm) 
s2 
3(1 
Stable  Rotational  Constraint,  Con  =E 
3v2L 
+ 
nR 
(1) 
m 
Cg  Buckling  Coefficient  used  in  eq.  (10),  given  in  Fig.  17 
d  Distance  of  Frame  Flange  from  Neutral  Axis  (with  Effective 
Length  of  Shell),  Fig.  40 
dl  Distance  of  Outer  Shell  Fibre  from  Neutral  Axis 
(with  Effective  Length  of  Shell),  Fig.  40 
dc  Distance  of  Shear  Centre  from  the  Shell  Plating,  dc  -  dW  +  tf/2 
D  Diameter  (General) 
D1,  D2,  E1,  E2  Arbitrary  Constants,  Appendix  2 
DS  Flexural  Rigidity  of  Shell  Plating,  DS  =  Et3/12(1-v2) 
DW  Flexural  Rigidity  of  Frame  Web,  Dw  =  Etwa/12(1-v2) 
dW  Web  Depth 
e  Maximum  Deviation  from  the  Mean  Circle 
E()  Expected  Value  of  a  Random  Variable 
er  Ring  Eccentricity,  Fig.  40 
E  Young's  Modulus 
ES  Secant  Modulus 
Et  Tangent  Modulus 
f  Scalar  Safety  Factor,  eq.  (67) 
F  Overdiving  Factor,  F=  (pd+ep)/pd v 
Fmax  Maximum  Overdiving  Factor 
Fmin  Minimum  Overdiving  Factor 
G  Transcendental  Function,  eq.  (52) 
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Chapter  1-  INTRODUCTION 
1.1)  AIMS  AND  SCOPE 
Oceans  correspond  to  about  70%  of  the  earth's  surface.  Such  a  vast  hydro- 
space  contains  natural  resources  which  may  become  vital  as  the  world's 
population  increases  in  number  and,  hopefully,  in  living  standards.  Some  of 
these  resources,  notably  oil,  have  already  been  exploited  by  the  offshore 
industry  for  a  number  of  years.  As  offshore  activities  move  deeper,  externally 
pressurised  vessels,  presently  used  as  primary  structural  members  in  offshore 
platforms,  buoyancy  elements  and  submersible  vehicles,  tend  to  become  even 
more  important.  Onshore,  externally  pressurised  vessels  are  also  important 
structural  components  of  vacuum  chambers.  These  structures  have  their 
structural  design  based,  to  a  large  extent,  on  submarine  pressure  hull  (PH) 
design  criteria. 
Submarines  and  submersibles  have  been  traditionally  used  for  military 
purposes  such  as  mining  and  mine  countermeasures,  rescue  vehicles  and 
submarine  and  antisubmarine  warfare.  Well  established  design  criteria  exist 
for  their  pressure  hulls,  based  on  deterministic  safety  factors  covering  many 
uncertainties  arising  from  operational  as  well  as  design  and  construction 
factors.  Such  criteria  were  developed  in  the  1950's  and  60's  and  successfully 
employed  by  the  major  navies  of  the  world  for  the  design  of  relatively 
shallow  water  vessels,  with  pressure  hulls  made  usually  of  quenched  and 
tempered  steels  such  as  Q1N  (HY80)  and  Q2N  (HY100). 
Important  changes  have  happened,  though,  as  far  as  underwater 
operations  are  concerned.  Offshore  oil  exploration  and  production  has  been 
moving  steadily  to  deeper  waters;  drilling  at  1000m  below  the  sea  level  is  not 
an  unrealistic  scenario  for  the  near  future.  Submersibles  can  also  be  employed 
in  a  number  of  other  commercial  applications:  inspection  and  repair  of  cables, 
pipelines  and  other  underwater  installations,  transport  to  and  from  subsea 
completions,  inspection  and  recovery  of  sunken  vessels  and  objects, 2 
recreation  and  tourism.  Furthermore,  environmental  and  scientific  concerns 
tend  to  require  extensive  oceanographic  surveying.  Small  Remotely  Operated 
Vehicles  are  popular  for  shallow  waters,  but  for  deep  waters  manned 
submersibles  may  be  preferred.  The  latter  offer  a  direct  viewing  for  its 
occupants  in  a  dry  one-atmosphere  pressure  hull,  without  relying  on  long 
guide  wires  and  umbilicals  and  without  having  its  operations  limited  by 
adverse  weather  conditions  at  the  sea  surface. 
As  far  as  submersible  design  and  operation  in  general  are  concerned,  the 
reader  may  refer  to  [1-8].  Fig.  1  gives  a  brief  history  of  inner  space  exploration 
and  exploitation,  with  emphasis  on  manned  submersibles.  Fig.  2  shows  some 
possible  concepts: 
The  Trieste  I,  with  a  spherical  pressure  hull  180mm  thick,  made  of  Ni-Cr- 
Mo  steel,  which  achieved  a  record  depth  of  10900m  in  1960.  The  pressure 
hull  was  relatively  small,  but  so  heavy  that  an  array  of  gasoline-filled 
tanks  was  necessary  to  provide  neutral  buoyancy 
Offshore  Service  Submarines  aiming  to  operate  at  the  North  Sea,  Gulf  of 
Mexico  and  Offshore  Brazil  [9] 
The  Nomad  1000  [10],  which  is  also  a  motor  yacht  capable  of  12  knots  at  the 
surface.  As  a  curiosity,  a  price  of  US  $  4.5  million  is  given  with  the 
following  comment  [10]:  'dearly,  a  vessel  of  this  capability  is  not  going  to  be  cheap, 
on  the  other  hand  it  opens  up  to  the  private  owner  huge  tracts  of  the  world  where  few  have 
ventured  before' 
Fig.  3  gives  the  distribution  of  ocean  depth  in  which  'two  values  are 
highlighted:  1500m,  which  would  possibly  cover  most  commercial 
applications,  and  6000m,  which  would  cover  almost  100%  of  the  ocean.  Fig.  4 
shows,  for  some  candidate  pressure  hull  materials,  the  collapse  depth  plotted 
against  the  estimated  W/E  ratio,  for  ring-stiffened  cylinders,  from  [11].  Recent 
optimisation  studies  [12],  limited  to  steel,  aluminium  and  titanium,  showed 3 
similar  trends  but  with  somewhat  larger  W/0  ratios,  when  actual  code 
formulations  and  fabrication  constraints  are  considered.  It  seems  that  for 
depths  less  than  about  1500m,  steel  and  other  metals  can  provide  feasible 
solutions  and  may  probably  be  '  cheaper  to  use;  for  deeper  operations 
composite  materials  tend  to  be  necessary. 
The  unstiffened  sphere  may  be  structurally  the  most  efficient  hull  form  for 
high  external  pressure  but  can  lead  to  difficult  interior  arrangement  and 
incurs  large  hydrodynamic  drag,  dynamic  stability  and  draft  problems. 
Pressure  hulls,  whenever  possible,  consist  of  a  stiffened  cylinder  closed  by 
domed  ends,  with  a  shallow  stiffened  truncated  cone  sometimes  being  used  as 
a  transition  element.  Their  structural  design  is  dominated  by  ultimate 
strength  considerations  (buckling),  serviceability  ones  (fatigue  and  fracture) 
being  less  important  and  less  influential  on  weight. 
Important  technical  improvements  are  occurring  in  areas  such  as 
propulsion,  materials  and  control.  Air-independent  -nuclear  propulsion  has 
been  employed  for  a  number  of  years,  although  it  is  suitable  only  for  large 
military  vessels.  A  lot  of  attention  is  being  given  to  other  air-independent 
forms  such  as  fuel  cells  or  Stirling  Engine,  suitable  for  smaller  and  cheaper 
boats.  Alternative  materials  such  as  titanium  and  aluminium  alloys  are  now 
easily  available.  Intensive  research  is  under  way  on  composite  materials 
[11,13,14]  and  it  is  hoped  that  enough  information  will  be  disclosed  for  it  to  be 
considered  in  the  future.  Future  designers  will  be  in  a  much  better  position  to 
tackle  the  two  major  technical  problems  involved  in  the  design  and 
operation  of  such  vessels:  obtaining  an  air-independent  propulsion  and  a 
pressure  hull  light  enough  for  neutral  buoyancy  tobe  achieved  at  even  very 
large  depths.  The  impact  on  both  commercial  and  military  applications  is 
likely  to  be  high. 
Traditional  safety  factors  used  in'  the  design  of  other  marine,  structures  pay 
high  regard  to  the  uncertainties  in  wave  induced  loading  and  in  material 
properties  and  structural  behaviour.  In  submersibles,  however,  the 
operational  loading  is  known  very  precisely,  being  the  hydrostatic  sea 4 
pressure  for  the  required  design  diving  depth.  Moreover,  because  of  the 
dominance  of  compression  loading  in  the  pressure  hull  of  submersibles,  the 
need  for  high  standards  of  notch  ductility  and  for  fatigue  inspections  is  much 
less  than  those  required  for  internally  pressurised  vessels  and  for  marine 
structures  generally.  The  quality  of  material  selection  and  construction  is  in 
any  case  much  higher  than  for  most  other  marine  structures. 
It  would  therefore  seem  that  the  reasons  for  having  a  safety  factor  in 
pressure  hull  (PH)  design  are: 
(a)  possible  accidental  or  intentional  excursions  below  the  design  diving 
depth 
(b)  the  sensitivity  of  collapse  of  compression  structures  to  the  effects  of 
shape  imperfections  and  residual  welding  stresses 
(c)  the  uncertainty  over  the  magnitude  and  distribution  of  welding 
residual  stresses  in  real  structures 
(d)  the  modelling  uncertainty  associated  with  collapse  prediction, 
particularly  in  those  modes  associated  with  frame  collapse 
(e)  the  sudden  and  explosive  nature  of  collapse  with  no  reserve  strength 
whatever  (in  contrast  to  most  other  structures) 
(f)  the  importance  of  the  pressure  hull  for  the  overall  safety  of  the  vessel, 
given  the  absence  of  any  structural  redundancy  (in  contrast  to  other 
structures) 
Other  factors,  not  explicitly  allowed  for  in  PH  design,  are  also  expected  to  be 
sufficiently,  covered  by  the  safety  factors.  These  are  all  quite  complex 
phenomena,  some  of  them  dynamic  in  nature: 5 
(g)  the  effects  of  damage,  due  to  collision,  grounding  and  docking,  on  the 
pressure  hull  collapse  strength 
(h)  the  effect  of  high  local  stresses  in  the  vicinity  of  PH  penetrations  and 
PH  connections  with  the  internal  structure 
(i)  in  naval  submarines,  possible  adverse  local  pressure  effects  arising 
from  nearby  underwater  explosions 
These  factors  can  be  grouped  in  three  categories: 
Operational:  in  naval  submarines  accidental  depth  overshoots  can  and  do 
occur,  and  arise  from  a  systems  failure  or  from  jamming  of  the 
sternplanes.  There  are  therefore  depth  dependent  limitations  placed  on 
speed.  To  evade  weapons  or  reduce  the  risk  of  sonar  detection,  the  captain 
may  also,  in  extreme  war  conditions,  decide  to  overdive,  for  example  by 
30%  or  more.  Thus  (a)  is  a  very  real  risk  and  the  notional  structural 
collapse  probabilities  associated  with  depth  overshoot  and  overdiving 
have  been  assessed  recently  [15]  and  previously  [16,17] 
Design  and  Fabrication:  (b)  to  (f)  show  the  importance  and  the  difficulties 
involved  in  predicting  the  pressure  at  which  the  PH  is  expected  to 
collapse.  Designers  have  had  to  resort  to  semi-empirical  prediction 
methods,  and  a  deterministic  design  procedure  evolved  for  the  design  of 
Royal  Navy  (RN)  submarines  [17-19)  in  which  Interframe  Shell  Collapse  is 
accurately  predicted  and  arranged  to  have  adequate  but  not  excessive 
safety,  while  General  Instability  and  Tripping  are  avoided  rather.  than 
predicted 
Other  factors:  factors  (g)  to  (i)  cannot,  at  present,  be  explicitly  included  in 
PH  design  although  new  research  [20-221  has  been  reported  in  some  of 
these  areas.  These  can  be  tackled,  in  general,  by  a  careful  design  of 
structural  details,  with  the  aid  of  Finite  Element  (FE)  analyses 6 
Factors  (e)  and  (f),  coupled  with  the  difficulty  in  predicting  collapse  from 
strain  gauge  or  other  measurements  (for  example,  taken  during  deep  diving 
trials),  suggests  that  proof  testing  of  the  completed  structure  would  be 
appropriate  for  external  pressure  applications  [15,17,23].  Unfortunately, 
practical  difficulties  seem  to  preclude  this  and  the  requirement  does  not 
appear  in  design  codes.  This  places  a  premium  on  the  use  of  well  validated 
design  and  assessment  methods  as  well  as  on  their  constant  improvement. 
The  present  constant  safety  factor  approach  could  be  improved,  particularly 
when  designing  for  deep  diving  and  for  commercial  applications,  in  the 
following  grounds: 
1)  in  naval  submarines,  operational  as  well  as  design  and  fabrication 
factors  have  to  be  allowed  for  in  the  safety  factors  used  in  PH  design.  The 
former  suggest  a  safety  factor  depending  on  the  diving  depth:  an 
overshooting  of  50m,  say,  would  be  more  harmful  to  a  PH  designed  to 
operate  at  300m  than  to  one  designed  to  operate  at  1500m.  Design  and 
fabrication  factors  alone,  on  the  other  hand,  suggest  a  safety  factor 
independent  of  the-diving  depth 
2)  in  commercial  submersibles  and  other  externally  pressurised  vessels  in 
which  overshooting  may  not  be  a  real  risk,  it  appears  that,  in  order  to  have 
the  same  notional  safety  as  in  naval  submarines,  only  design  and 
fabrication  factors  would  need  to  be  considered.  It  is  interesting  to  note 
that  the  same  safety  factors  are  often  used  in  their  design  as  for  the  design 
of  naval  submarines  [24] 
3)  in  extreme  conditions,  the  captain  of  a  submarine  may  be  faced  with  a 
choice  between  overdiving  and  risking  a  structural  collapse  or  not 
overdiving  and  risking  detection  and/or  weapon  effects.  The  present 
methods  do  not  give  a  rational  basis  for  such  a  decision 
4)  if  the  maximum  value  allowed  for  a  shape  imperfection  (o-o-c,  e.  g.  )  is 
exceeded,  large  penalties  have  to  be  imposed,  like  reducing  the  operational 7 
depth  of  the  vessel.  It  may  well  happen  that,  although  the  maximum 
value  is  exceeded,  the  spatial  distribution  of  the  imperfection  is 
favourable:  the  predominant  mode  of  the  imperfection  may  not  coincide 
with  the  critical  mode  of  the  structure  or  the  maximum  stress  under 
external  pressure  may  occur  in  a  region  where  the  yield  stress  of  the 
material  is  higher  than  assumed  in  design,  e.  g. 
To  address  such  limitations,  a  pilot  study  on  the  application  of  reliability 
methods  to  naval  submarine  PH  design,  was  initially  undertaken  for  the 
MoD  [25-27].  The  potential  forusing  such  methods  was  demonstrated  but, 
because  of  the  geometry  supplied  for  the'  study  (not  representative  of  RN 
designs  at  all),  rather  paradoxical  results  were  obtained:  the  failure 
probabilities  associated  with  the  frame  collapse  modes  were  higher  than  those 
associated  with  Interframe  Shell  Collapse.  Such  a  result  attracted  a  lot  of 
criticism  because  it  contradicted  a  well  established  design  philosophy  and, 
indeed,  previous  collapse  tests  in  decomissioned  vessels  which  have  shown 
Interframe  Shell  Collapse  occurring  first.  This  highlighted  the  needJor  more 
representative  designs  to  be  considered  as  well  as  the  need  for  improved 
modelling  of  the  frame  collapse  modes.  The  present  work  deals  with  these 
aspects,  incorporating  recent  advances  such  as: 
the  introduction  of  semi-probabilistic  code  formats  (Level  I)  derived  from 
reliability  based  methods  in  whicha  more  rational,  statistical  approach  is 
given  to  the  uncertainties  involved 
new  model  tests  allowing  a  more  accurate  prediction  of  the  effect  of  initial 
imperfections  on  the  collapse  load 
, 
the  use  of  general  purpose  FE  programs,  able  to  solve  complex  non-linear 
structural  problems 
It  aims  at  proposing  a  Level  I  reliability  based  design  method  for  the 
ultimate  strength  of  ring-stiffened  cylinders  under  external  pressure.  It  will  be 8 
focused  at  tee  ring  stiffeners,  but  some  attention  will  also  be  given  to  other 
forms  of  stiffening,  such  as  flat  bar  ring  frames. 
The  work  here  described  involved  many  different  aspects.  Frame  design 
formulations  were  reviewed  and  compared  with  experimental  data  and  FE 
analyses  [28-34].  Improvements  to  these  formulations  were  implemented 
when  necessary.  FE  models  for  both  Elastic  Eigenvalue  Analysis  and  Non- 
Linear  Analysis  (Riks  method)  were  validated  in  view  of  experimental  results 
and  mesh  studies.  The  later  type  of  analysis  can  handle  material  behaviour 
beyond  the  elastic  limit,  shape  imperfections  and  residual  stresses.  The 
program  ABAQUS  [35]  was  used.  Both  FE  and  experimental  results  were  used 
in  the  selection  of  adequate  values  for  the  mean  and  coefficient  of  variation 
(cov)  of  the  modelling  uncertainty  associated with  collapse  prediction  in  the 
various  modes  [34].  Different  reliability  methods  were  implemented  and 
compared  [36,37].  Suitable  code  formats  and  target  reliabilities  were 
investigated  [37].  Multi  Criteria  Optimisation  techniques  were  used  to  find 
solutions,  according  to  the  BS  5500  [24]  design  criteria,  for  different 
operational  pressures,  radii,  compartment  lengths  and  materials,  which  were 
further  used  in  partial  safety  factor  optimisation  [12,37]. 
Although  the  present  work  is  mostly  aimed  at  naval  submarines  and 
commercial  submersibles,  its  implications  may  well  be  relevant  to  the 
external  pressure  design  and  assessment  of,  for  example,  buoyancy  chambers, 
columns,  pontoons,  seabed  structures,  habitats,  etc.,  used  in  offshore  and 
subsea  engineering.  The  work  related  to  the  modelling  of  the  frame  collapse 
modes,  Frame  Tripping  in  particular,  may  also  be  relevant  for  other  types  of 
ring-stiffened  shells  under  buckling  conditions  [38,39]. 
1.2)  OUTLINE  OF  THE  THESIS 
The  remainder  of  Chapter  1  is  concerned  with  the  literature  review  and 
present  design  criteria.  The  main  sources  of  information  as  well  as  some  basic 
concepts  in  column  and  shell  buckling  design  are  outlined.  A  review  of  some 9 
of  the  major  codes  of  practice  for  externally  pressurised  cylinders,  in  Western 
Europe  and  the  USA,  is  given,  showing  the  relevant  buckling  modes  and 
how  they  are  dealt  with  in  the  codes. 
Chapter  2  is  concerned  with  elastic  buckling,  with  emphasis  given  to  the 
buckling  modes  more  directly  affecting  frame  collapse.  Comparisons  between 
experiments,  FE  results  and  theory  are  given. 
Chapter  3  deals  with  collapse  prediction  with  emphasis  given  to  the  frame 
collapse  modes.  The  main  factors  affecting  collapse  prediction  are  reviewed 
and  the  modelling  uncertainty  associated  with  the  formulations  used  in 
design  is  investigated. 
In  Chapter  4,  a  brief  introduction  to  Structural  Reliability  theory  is  given, 
the  different  aspects  involved  in  the  development  of  a  Level  I  code  format  are 
reviewed  (statistical  properties  of  the  basic  variables,  reliability  methods, 
sensitivity  studies,  codeformat,  design  space,  target  reliability  )  and  a  partial 
safety  factor  optimisation  is  carried  out.  Chapter  5  gives  conclusions  and 
future  work. 
1.3)  LITERATURE  REVIEW 
1.3.1)  Overview 
Externally  pressurised  ring-stiffened  cylinders  have  been  the  subject  of 
intense  research  due  to  their  extensive  range  of  practical  applications  and  are 
treated  in  many  codes,  such  as: 
the  external  pressure  section  of  the  ECCS  [40]  which  evolved  from  the 
British,  Standard  BS  5500  [24]  which  itself  evolved  from  the  RN  pressure 
hull  design  practice  [17.19] 10 
the  Det  norske  Veritas  (DnV)  classification  notes  for  mobile  offshore  units 
[41],  largely  based  on  research  programmes'undertaken  in  Norway  [42] 
the  recently  issued  Germanischer  Lloyd  (GL)  [43]  rules  for  underwater 
technology 
the  American  Petroleum  Institute  (API)  bulletin  on  stability  design  of 
cylindrical  shells  [44]  which  is  part  of  API's  Tension  Leg  Platform  code 
development  and  follows  earlier  RCC  work  [45].  API  has  also  recently 
issued  a  Level  I  reliability  based  design  code  for  fixed  offshore  platforms 
[46].  Shape  tolerances  are  given  in  [44,47] 
A  major  source  of  information  on  the  subject  is  the  extensive  research  on 
externally  pressurised  cylinders,  combining  theoretical  and  experimental 
work,  carried  out  in  the  UK  and  in  the  USA  in  the  development  of  pressure 
hulls  for  naval  submarines  and  rescue  submersibles,  between  the  mid-50s  and 
the  mid-70s.  Such  a  work  was  carried  out  mainly  in  the  DRA,  Dunfermline, 
UK  (formerly  NCRE  -  Naval  Construction  Research'  Establishment)  and  the 
DTNRC,  Washington,  USA  (formerly  DTMB  -'David  Taylor  Model  Basin). 
The  DRA  work  has  been  partly  released  to  the  public  by  authors  such  as 
Kendrick  [18,19,23,48-60],  Faulkner  [17,61-63],  Creswell  [64-67],  Wilson  [68-70] 
and  others  [11,13,71-73].  The  DTNRC  work  has  also  been  partly  released  by  a 
number  of  authors  [74-105].  The  subject  also  attracted,  at  that  time,  the 
attention  of  other  researchers  in  different  areas  [106-118]. 
Intense  research  on  stiffened  cylinders  has  been  carried  out  in  recent  years 
[119-141]  for  the  offshore  industry.  There  has  also  been  renewed  interest  on 
submarines  and  submersibles,  with  recent  experiments  been  reported  in 
Japan  [142-148],  Canada  and  The  Nethelands  [21,149].  As  far  as  the  numerical 
modelling  of  shell  buckling  in  general  is  concerned,  the  work  of  Bushnell 
[150-161]  provides  the  best  reference.  More  recently,  improved  methods  have 
been  developed  to  calculate  snap-through  loads  in  shells  [162-164]  and 
particular  'attention  has  been  given  to  the  numerical  calculation  of  collapse  in 
a  General  Instability  mode  [165-170]. 11 
Reliability  based  design  methods  have  been  implemented  in  some  codes  of 
practice  [171-175]  and  are  the  subject  of  intense  research  worldwide  [46,176- 
230]. 
1.3.2)  Basic  Concepts  of  Column  and  Shell  Buckling 
Some  of  the  basic  concepts  involved  in  column  buckling  will  be 
summarised,  since  they  are  often  also  important  in  stiffened  cylinder  design. 
The  stiffeners  in  ring-stiffened  cylinders  under  external  pressure  may  be 
viewed  as  columns  under  compression,  since  the  state  of  stress  is  similar.  The 
major  difference  is  that  radial  stresses  are  present  in  cylindrical  stiffeners,  but 
these  are  typically  small  in  comparison  with  the  hoop  or  'axial'  stresses. 
The  classical  approach  to  buckling  is  that  in  which  the  structure  is 
considered  as  initially  'perfect',  that  is,  free  of  initial  shape  imperfections, 
residual  stresses  and  with  the  material  within  its  elastic  range.  By  including 
second  order  terms  in  the  differential  equations  of  equilibrium  it  is  possible  to 
arrive  at  a  characteristic  value  problem.  Its  solution  will  give  the  loads 
(eigenvalues)  and  mode  shapes  (eigenmodes)  in  which  neutral  equilibrium 
positions  exist.  Physically,  it  means  that  for  certain  critical  values  of  the 
compressive  load,  it  is  possible  for  the  'structure  to  be  in  equilibrium  in 
deformed  positions  which  may  be  considerably  'different  from  its 
fundamental  one.  This  phenomenon  is  generally  referred  to  as  Bifurcation 
Buckling,  after  the  behaviour  of  straight  columns  under  a'  uniform 
compressive  load:  upon  reaching  Euler's  critical  load,  there  are  two  positions 
in  which  equilibrium  is  possible,  the  straight  form  and  a  bent  form,  Fig.  5.., 
Engesser  extended  the  classical  approach  for  columns  in  the  inelastic  range 
by  introducing  the  Tangent  Modulus  approach: 
tt  << 
ßQ,  =  F1aQe,  where:  F,  = 
E'  (1) 
For  other  types  of  structure,  the  factor  F,  is  often  generalised  by  combining 
the  tangent  modulus,  the  secant  modulus  and  even  the  elasto-plastic 12 
Poisson's  ratio.  For  instance  [42]: 
1  -V2 
1-vp  E 
Another  extension  of  the  classical  buckling  approach  to  the  inelastic  region, 
for  stocky  sections,  is  the  Merchant-Rankine  type  formula: 
aQ,  =  F2c  'where:  F2  = 
ý1+I: 
V 
-k  (3) 
The  Tangent  Modulus  approach  was  further  modified  by  Shanley  [232], 
who  showed  that  a  straight  column  buckling  in  the  elasto-plastic  range  has  a 
initially  stable  post  buckling  behaviour  and  therefore  could  theoretically 
withstand  loads  above  the  bifurcation  load  given  by  the  tangent  modulus 
approach.  The  concept  of  postbuckling  behaviour  is  important  because  the 
load  deflection  curve  of  a  structure  with-  shape  imperfections  tends  to 
resemble  that  of  an  imperfection-free  one.  Therefore,  the  sensitivity  of  the 
limit  load  to  imperfections  is  linked  to  the  post-buckling  behaviour,  as 
illustrated  in  Fig.  6  for  some  compressed  members,  in  the  elastic  range.  The 
heavy  lines  indicate  the  behaviour  of  the  shape-imperfect  member  while 
light  lines  indicate  the  behaviour  of  the  shape-perfect  one. 
The  main  importance  of  the  Tangent  Modulus  approach,  from  a  design 
point  of  view,  is  that  it  can  be  generalised  to  include  the  effect  of  residual 
stresses.  A  structural  proportional  limit  can  be  assumed: 
ap,  =  aY  -  ax  (4) 
and  a  structural  stress-strain  curve  can  be  obtained  for  columns  depending, 
basically,  on  their  section  and  residual  stresses  distribution.  If  the  later  is  of  a 
'block'  shape,  the  structural  stress-strain  curve  tends  to  be  discontinuous,  Fig. 
7b,  while  for  a  'spikey'  distribution  it  tends  to  be  rounded,  Fig.  7a.  For 
materials  with  a  yield  plateau,  Ostenfeld  and  Bleich  [233]  proposed  a  set  of 13 
quadratic  parabolae  to  represent  the  modified  tangent  modulus: 
E  Q(QY  -ß 
_  (5) 
ßp,  6r  -  Cfp, 
So  far,  none  of  these  theories  considered  the  effect  of  shape  imperfections. 
The  simplest  way  is  using  the  Perry-Robertson  approach  in  which  an  initial 
deflection  is  considered  to  be  magnified  by  the  factor: 
Cycr  (6) 
au  -Q 
and  collapse  is  assumed  to  correspond,  to  a  condition  of  initial  yield,  leading 
to  the  following  expression  for  the  collapse  stress: 
Cy, 
1+V+µ-  (1+V+µ)2-4V 
6Y  =  2?  2 
ý7ý 
These  rather  'historical'  solutions  for  columns  (Tangent  Modulus  and 
Perry-Robertson)  cannot  be  regarded  as  complete,  since  none  of  them  takes 
into  account  all  relevant  factors.  They  are  nevertheless  universally  used  as 
code  formats  for  columns,  after  proper  adjustment  in  view  of  experimental 
and  numerical  results.  Some  prefer  the  Tangent  Modulus  approach  on  the 
grounds  that  buckling  depends  fundamentally  on  the  average  stress  acting 
over  the  cross  section,  Others,  like  the  ECCS  [40],  use  different  families  of 
column  curves  defined  by  eq.  (7),  with  the  factor  g  being  .  adjusted  to  fit 
experimental  and  numerical  results,  depending  on  the  shape  of  the  cross 
section  and  the  manufacturing  procedures  (residual  stresses),  Fig.  S. 
In  the  end,  the  most  adequate  method  is  of  course  the  one  which  best 
approximates  experimental  results.  Fig.  9  illustrates  the  conservative  nature 
of  the  ECCS  curves  in  comparison  with  test  results.  A  Tangent  Modulus 
approach  would  tend  to  be  more  adequate  as  a  mean  curve.  -  Fig.  9  also  shows 
the  scattering,  in  terms  of  'a  coefficient  of  variation  (cov);  of  the  test  data  as  a 14 
function  of,  column  slenderness.  A  value  of  15%  is  representative  of  the  peak, 
occurring  at  the  transition  between  elastic  and  inelastic  buckling.  Such  a 
value  is  often  found  to  be  associated  with  the  modelling  uncertainty  for 
column  buckling,  in  various  reliability  based  codes  of  practice. 
Buckling  may  also  be  a  critical  mode  of  failure  in  thin  shell  structures, 
which  have  their  membrane  stiffness  much  in  excess  of  their  bending 
stiffness.  This  type  of  structure  is  often  used  due  to  its  structural  efficiency  in 
the  fundamental  equilibrium  position:  because  of  its  curvature,  shells  resist 
loads  such  as  external  pressure  predominantly  by  membrane  deformations. 
Unfortunately,  their  bifurcation  buckling  often  involves  Other  positions  of 
neutral  equilibrium  (buckling  modes)  in  which  bending  is  relevant.  If  these 
are  triggered,  by  unavoidable  shape  imperfections,  large  deflections  may  arise 
and  as  a  consequence  the  structure  may  fail  quite  catastrophically.  These  other 
equilibrium  positions  may  be  dramatically  different  from  the  fundamental 
one:  for  instance,  thin,  shallow  domes  convex  to  a  pressure  loading  may 
buckle  in  a  shape  which  is  concave  to  the  pressure.  Or  cylinders  under 
external  pressure  may  buckle  in  a  wavy  pattern  quite  different  from  the 
fundamental  axisymmetric  equilibrium.  Such  a  gross  change  in  geometry  is 
often  called  Snap-Through. 
The  structural  stability  of  shells  is  a  complex  problem  to  be  dealt  with.  The 
apparently  simple  case  of  an  unstiffened  cylinder  under  axial  load  puzzled 
engineers  for  many  years,  because  of  the  drastic  discrepancies  between  test 
results  and  predictions  of  the  classical  approach  even  for  very  carefully  made 
specimens.  Figs.  10  to  13,  from  Bushnell's  compilation  of  [150],  show  the 
discrepancy  between  test  and  classical  theory  for  axially  compressed  cylinders, 
externally  pressurised  cylinders,  cylinders  under  torsion  and  spherical  shells 
under  external  pressure. 
Koiter  [236]  formally  showed  that  these  discrepancies  are  due  to  the  effect  of 
unavoidable  shape  imperfections.  He  employed  an  asymptotic  expansion  of 
the  structural  response  around  the  bifurcation  buckling  load  of  the 
corresponding  shape-perfect  structure.  It  resulted  in  simple  formulae  for  the 15 
pre-buckling  and  the  post-buckling  response  of  the  structure  and  for  the  effect 
of  unimodal  shape  imperfections  on  the  buckling  strength.  Classical 
bifurcation  buckling  analysis  searches  for  the  loads  at  which  neutral 
equilibrium  positions  other  than  the  fundamental  one  exist.  Koiter's  theory 
aims  to  investigate  the  stability  of  the  equilibrium  in  these  other  positions,  in 
the  vicinity  of  the  bifurcation  point.  As  hinted  in  Fig.  6,  if  the  post-buckling 
behaviour  is  unstable,  the  limit  load  that  the  structure  can  attain  will  be 
reduced  by  imperfections.  This  fact  tends  to  be  confirmed  in  practice:  Fig.  14a 
shows  that  experimental  results  tend  to  disagree  from  the  classical  buckling 
theory  when  Koiter's  imperfection  sensitivity  parameter  b  is  negative. 
The  discrepancy  for  external  pressure  is  less  dramatic  than  for  axial  load, 
but  cannot  be  ignored.  Fig.  14  shows  results  for  external  pressure  due  to 
Budianski  and  Amazigo  [117],  Hutchinson  and  Amazigo  [118]  and  Gonsalves 
and  Batista  [138].  Stiffeners  tend  to  reduce  imperfection  sensitivity  but 
introduce  different  forms  of  buckling.  Fig.  14a  shows  results  for-unstiffened 
cylinders  and  Interframe  Shell  buckling  in  ring-stiffened  cylinders  (stiffeners 
modelled  as  radial  supports).  Fig.  14b  shows  results  for  General  Instability 
(closely  spaced,  light  stiffeners)  and  Fig.  14c  'again  for  Interframe  Shell 
buckling  (sparsely  spaced  stiffeners).  There  are  no  results  for  Frame  Tripping. 
It  is  important  to  stress  that  post-buckling  behaviour  may  depend  on  a 
number  of  factors,  such  as  geometry,  buckling  mode,  whether  or  not  the 
structure  has  some  of  its  parts  loaded  beyond  the  limit 
. point,  etc..  Care  has  to 
be  taken  when  interpreting  general  statements  often  found  in  the  literature 
regarding  post  buckling  behaviour  of  a  given  type  of  structure,  without  clearly 
specifying  whether  all  of  these  factors  were  taken  into  account. 
Although  important  in  a  theoretical  sense,  Koiter's  theory  does  not  account 
for  many  important  factors  affecting  collapse  prediction  in  marine  structures 
(treated  in  Chapter  3),  -  such  as  ,  multi-modale,  imperfections  and  residual 
stresses.  To  account  for  such  factors,  designers  have  had  to  rely  on  empirical 
evidence  and  engineering  judgement. 16 
The  term  'buckling'  will  be  used,  from  now  on,  to  refer  to  bifurcation 
buckling  of  an  initially  shape-perfect  shell  while  the  term  'collapse'  will  refer 
to  an  initially  shape-imperfect  one. 
1.4)  PRESENT  DETERMINISTIC  DESIGN  CRITERIA 
1.4.1)  Submarine  Design  Thinking 
The  design  requirements  given  by  most  of  the  codes  of  practice  for 
externally  pressurised  structures  have,  to  a  great  extent,  evolved  from 
previous  practice  with  naval  submarine  pressure  hull  design.  They  naturally 
follow  the  submarine  design  thinking  in  which  representative  modes  of 
failure  are  selected  and  the  corresponding  collapse  pressures  are  estimated 
with  fairly  simple  analytical  methods,  assuming  no  mode  dependency  effects. 
Deterministic  safety  factors  are  imposed  to  keep  these  collapse  pressures 
sufficiently  above  the  operational  pressure,  thus  providing  adequate  safety, 
and  also  to  keep  them  apart  from  each  other,  minimising  mode  interaction. 
The  relevant  modes  of  buckling  normally  considered  are: 
a)  Interframe  Shell  Collapse:  the  shell  deforms  between  the  frames,  either 
axisymmetrically  or  with  n  circumferential  waves  ,  Fig.  15b.  Its  critical 
form  is  usually  associated  with  short  wavelengths  in  both  the 
circumferential  and  axial  directions  (n  >  10,  m=Lc/2LS  ). 
b)  General  Instability:  shell  and  frame  deform  together  between  bulkheads, 
Fig.  15a.  Its  critical  form  is  usually  associated  with  long  wavelengths  in 
both  the  circumferential  and  axial  directions  (n  -r  2,3,  m=1/2  ). 
c)  Frame  Tripping:  the  frame  twists  about  its  point  of  attachment  to  the 
shell,  Fig.  15c.  Its  critical  form  is  usually  associated  with  n-4-8,  say,  and  a 
quarter  of  wave  along  the  frame  depth. 17 
d)  Local  Buckling  of  the  Web:  the  frame  web  deforms  like  a  plate  under 
compression  supported  by  the  shell  and  the  frame  flange,  Fig.  15d.  Its 
critical-form  is  usually  associated  with  n>  10,  say,  and  a  half  wave  along 
the  frame  depth. 
As  the  reader  may  observe  from  Fig.  15,  the  distinction  between  them  is 
purely  artificial.  The  buckling  modes  calculated  with  a  FE  model,  for  instance, 
tend  to  be  a  combination  of  these  idealised  forms.  Furthermore,  design  has  to 
be  based  on  collapse  rather  than  on  elastic  buckling  so  that  material  plasticity, 
shape  imperfections  and  residual  stresses  have  to  be  accounted  for,  further 
complicating  the  problem. 
Submarine  designers,  however,  realised  that  Interframe  Shell  Collapse  is 
the  mode  which  most  directly  governs  the  pressure  hull  weight  and  can 
usually  be  empirically  predicted  with  good  accuracy.  So  a  reasonably  simple 
design  method  was  devised  retaining  this  artificial  distinction  [17-19]. 
Interframe  Shell  Collapse  is  arranged  to  have  an  adequate  but  not  excessive 
safety  margin.  The  other  buckling  modes  require  less  material  for  them  to  be 
prevented  in  traditional  submarine  hulls  and  received  far  less  attention.  They 
are  conservatively  estimated,  ý  and  the  additional  safety  is  supposed  to  cover 
uncertainties  in  post-buckling  behaviour  and  possible  effects  of  residual 
stresses  and  mode  interaction.  This  is  the  rationale  behind  the  design  method 
developed  at  DRA-Dunfermline  (formerly  NCRE)  for  designing  RN 
submarines.  This  was  partially  released  to  the  public  in  the  early  70's  and 
formed  the  basis  for  the  external  pressure  section  of  the  BS  5500  [24]  which  in 
turn  forms  the  basis  for  the  relevant  European  regulations,  ECCS  [40]. 
1.4.2)  Codes  of  Practice 
This  section  reviews  the  recommendations  for  design,  in  case  of  external 
pressure,  given  by  some  of  the  major  codes  of  practice  in  North  America  and 
Western  Europe,  such  as  BS  5500  [24],  ECCS  [40]  (external  pressure  section), 
DnV  [41]  (mobile  offshore  units),  GL  [43]  (underwater  technology),  API  RP  2A 
[46,47]  (fixed  platforms,  Rm/t  <  150)  and  API  Bul  2U  [44]  (floating  platforms, 18 
Rte,  /t  z  150).  Their  requirements  may  be  substantially  different,  since  these  are 
derived  from  different  databases  and  tend  to  be  influenced  by  local  specialists. 
Comparisons  between  them  can  be  found  in  the  literature  [119,235]  so  this 
section  will  simply  summarise  the  major  aspects.  The  common  point 
between  them  is  the  submarine  design  thinking  explained  before  in  which 
Interframe  Shell  Collapse  is  empirically  predicted  and  arranged  to  have 
adequate  but  not  excessive  safety  and  the  other  modes  are  avoided  rather  than 
predicted. 
Interframe  Shell  Collapse 
BS  5500  [24]  and  ECCS  [40]  use  a  lower  bound  of  collapse  tests  of  700 
cylinders  in  the  range: 
5.9<Rm/t<250 
0.04  <  LS/Rm  <  50 
These  are  plotted  against  pa,  /Pc5  in  Fig.  16.  pn,  is  given  by  the  von  Mises 
formula: 
t2  (8)  Pý,  = 
Et  /R 
ýR  212+  12RZ 
tl 
-v2 
nZ  -1  +  Lm 
2i 
n2  -1+0.5  Lm  n2 
L 
+1 
mC 
nRm 
Pc5  is  the  pressure  causing  membrane  yield  in  the  shell  midway  between 
stiffeners: 
PCs  = 
a"'t 
-  Rm  (1  +  yG) 
The  advantages  of  such  a  plot  are  given  in  [18]: 
(9) 
The  stiffener  area  is  taken  into  account  by  pc5 19 
pc5  is  based  on  the  maximum  membrane  stress,  which  seems  to  be 
physically  reasonable 
It  can  be  generalised  to  other  forms  of  shell,  like  cones,  remote  from  end 
effects 
Collapse  at  very  low  mean  stress  values  usually  occurs  close  to  pm 
When  pes,  is  much  greater  than  Pc5  ,  collapse  usually  occurs  at  a  slightly 
higher  pressure  than  pc5 
Fig.  16  also  shows  a  mean  curve  which  tends  to  approximate  the 
experimental  data  by  about  20%,  for  pes,  /pc5  >  1.5.  For  Pm/Pc5  <  1.5,  elastic 
buckling  is  dominant  and  shape  imperfections  lead  to  a  greater  scatter  of 
results.  According  to  [18],  experimental  data  for  fabricated  cylinders  show  that 
collapse  pressures  can  be  little  greater  than  pm/2.  That  is  why  the  lower  bound 
curve  is  arranged  to  have  a  slope  corresponding  to  pc=pes,  /2  at  the  origin.  On 
the  other  hand,  extruded  tubes  with  a  high  degree  of  circularity  show  that 
pressures  very  close  to  pn,  can  be  achieved.  These  curves  are  applicable  to  a 
wide  range  of  geometries,  the  exception  being  cylinders  with  closely  spaced 
heavy  stiffeners,  as  discussed  in  [18].  The  collapse  pressure  calculated  with  the 
lower  bound  is  required  to  be  at  least  1.5pd.  The  shell  out-of-circularity  is 
limited  to  0.5%  of  the  radius. 
The  technical  basis  for  the  DnV  [41]  recommendations  is  given  by  Odland 
[42].  The  framework  is  the  classical  buckling  stress  based  on  Donnell's 
equations  [237]: 
s 
n2E  t 
aE  =Cl  12(l  -  v2)  L.  (10) 
where  C.  is  a  buckling  coefficient  given  in  Fig.  17.  It  can  be  seen  that  using 
C0'  (hydrostatic  pressure),  the  von  Mises  solution  (non-deflecting  simple 20 
supports  at  the  frames)  is  obtained.  The  code  recommends,  however,  a 
reduced  buckling  coefficient  which  takes  into  account  the  effect  of  shape 
imperfections  on  the  elastic  buckling: 
CP  =  441-  1  +0.025Z  for  lateral  pressure 
C'p  =  241  +  0.1Z  for  hydrostatic  pressure  (11) 
Although  it  is  not  clear  in  [421  how  such  a  reduction  is  obtained,  it  seems  to  be 
based  on  Koiter's  postbuckling  theory. 
A  Merchant-Rankine  type  formula  is  used  in  the  inelastic,  range: 
1 
ay  1+  ý4 
(12) 
Finally  usage  factors  r  relating  a,,,  to  the  maximum  acting  hoop  membrane 
stress  ße  are  imposed.  These  are  dependent  on  the  type  of  structure  and 
loading  condition.  For  shells  of  single  curvature  and  functional  loads: 
lip1=  0.6a'  (13) 
where:  a'=1.0  if  X5  0.2 
a'=1.05-0.25  , 
if  0.2<%51.0 
a'=0.8  if  ?  >1.0 
The  o-o-c  is  again  limited  to  0.5%  of  the  radius.  '" 
The  Germanischer  Lloyd  [43]  bases  its  predictions  on  a  modified  Tangent 
Modulus  approach,  given  by  Reynolds  [75],  for  periodic  buckling  and 
Lunchick  [81],  for  axisymmetric  buckling.  Deterministic  safety  factors  are  used 
to  cater  for  shape  imperfections  and  residual  stresses.  The  shell  out-of- 
circularity  is  limited  to  0.5%  of  the  radius. 
Other  German  submarine  designers  [238]  use  similar  procedures,  but  with 
the  empirical  curve  of  Fig.  18,  given  by  Pulos  and  Krenzke  [97]  to  account  for 21 
the  effect  of  shape  imperfections  and  residual  stresses.  The  curve  compares 
results  of  machined  models  with  results  of  fabricated  models  and  shows  a 
reduction  factor  between  0.75  and  1.0  which  is  a  function  of  the  ratio 
elastic/inelastic  buckling  pressure.  Maximum  reduction  corresponds  to  the 
transition  between  elastic  and  elastic-plastic  buckling,  similarly  to  columns 
under  compression,  Fig.  9. 
API  RP2A  [46]  has  a  reliability  based  Level  I-  also  referred  as  Load  and 
Resistance  Factor  Design  (LRFD)  -  code  format  and  covers  cylinders  with  Rm/t 
<  150.  The  recommended  design  pressure  Pd  is  given  by: 
Pd  =  7dP,  WHz 
(14) 
where  Yd  is  a  loading  partial  safety  factor  (1.3  for  normal  operation  or  1.1  for 
extreme  environmental  conditions),  p,,  r 
is  the  sea  water  density  and  HZ  is  the 
design  diving  depth. 
The  following  requirements  are  given  for  Interframe  Shell  Collapse: 
fhS  4hF,,,  (15) 
where  fh  =  pdD  /  2t,  4,,  is  a  partial  safety  factor  for  the  resistance  (0.8  is 
recommended)  and  F.  is  the  nominal  hoop  buckling  stress  given  by: 
Fhc  =  FM  for  F,,,  5  0.55a.,  (elastic  buckling)  (16) 
[.  J0.4 
FM  =  0.7ay,  S  ay,  for  FM  >  0.55ay,  (inelastic  buckling) 
ay. 
F,,  is  the  elastic  buckling  stress,  taking  into  account  the  effect  of 
imperfections,  given  by: 
Fhe  =2C,,  Et/D  (17) 22 
C,,  is  a  coefficient  implying  a  constant  20%  reduction  over  the  classical 
buckling  stress  due  to  imperfections: 
Cl,  =0.44t/D 
Ci,  =0.44t/D+0.21(D/t)3  M 
Ch  =0.737/(M-0.579) 
Mý1.6D/t 
0.825D/t5M<1.6D/t 
1.5:  5  M<0.825D/t 
C,,  =  0.80 
where  M= 
LU°  , 'ýD 
M<1.5 
(18) 
The  o-o-c  is  defined  in  [47]  as  the  difference  between  the  major  and  minor 
outside  diameters  and  shall  not  exceed  1%  of  the  nominal  diameter  or  1/8  of 
the  shell  thickness,  whichever  is  the  most  critical,  if  the  shell  thickness  is 
greater  than  2  in.  If  the  shell  thickness  is  smaller  than  2  in,  the  maximum  o- 
o-c  is  limited  to  1  /4  in. 
API  Bul  2U  [44]  covers  cylinders  with  Rm/t  z  150.  In  the  case  of  hydrostatic 
pressure,  it  is  imposed  that: 
<F  (19)  F 
FS 
where  FS  is  the  safety  factor  given  by: 
FS  =1.67y',  for  normal  design  conditions  (20) 
where  yr  =1.2  if  FML  5  0.55Fy 
yr  =1.444  -  0.444  Fm,  /  FY  if  0.55Fy  <  Fl, 
CL  <  FY  (21) 
yf=1.0  if  FmL=Fy 
Fy  is  the  yield  stress  and  FkL  is  the  inelastic  buckling  stress  given  by: 
FhcL  =  i1  Fhý  (22) 
.ý 23 
where  rj  is  the  plasticity  reduction  factor  given  by: 
11  =1  if  1/?  :50.55 
0.452+0.18  if  0.55<1/V  51.6  (23) 
1.31 
1+1.5if 
1.6<1/X2  <6.25 
'n  =V  if  1  /X,  2  z6.25 
and  FL  is  the  elastic  buckling  stress  given  by: 
Fl,.  L  _ 
aOLPeLR2  KOL  (24) 
where  peL  is  the  elastic  buckling  pressure  (same  as  pm)  calculated  with  eq.  (8), 
R.  is  the  radius  of  the  outside  shell,  aeL  is  an  imperfection  factor  assumed  as 
0.8  and  KOL  is  given  by: 
KBL  =1.0  if  Mx  Z  3.42 
KOL  =1-  CW  if  Mx  <  3.42  (25) 
where  e= 
0'85 
,A=A, 
(R  /  R,  )2,  Lý  =1.56  Rmt  +  tW  5  L,,  Mx  =  L,  /  Rm-t 
1+Let/A 
and  tV  =1.0  if  Mx  S  1.26 
V=1.58-0.46MX  if  1.26<Mz  <3.42  (26) 
yf  =0  if  Mx  z  3.42 
FO  in  eq.  (19)  is  the  hoop  stress  in  the  shell  midbay  between  ring  stiffeners, 
given  by  F8  = 
PR'  kOL. 
t 
The  shell  out-of-circularity  is  limited  to  0.5%  of  the  radius. 
General  Instability 
The  European  codes,  BS  5500  [24],  ECCS  [40],  DnV  [41],  GL  [43]  use  the  same 24 
method,  which  is  similar  to  the  Perry-Robertson  approach  to  column 
buckling.  It  requires  that,  with  the  maximum  permissible  out-of-roundness 
occurring  in  the  worst  possible  mode  and  which  is  at  the  same  time 
distributed  as  a  half-sine  "wave  over  the  compartment  length,  the  frame 
flange  stress  is  less  than  the  yield  stress  at  a  pressure  well  above  the  design 
pressure.  The  different  requirements  can  be  summarised  as: 
PdQ  f 
Ed6n  (n2  -1)Pa 
all  =  S,  +  S2  S  S4cryf  (27) 
Pyf  Rm2  (Pn 
- 
S3Pd  ) 
where: 
BS  5500  [24]  and  ECCS  [40]:  S1=S2=S3=1.8  for  hot  formed  or  fabricated  frames 
S1=S2=S3=2.0  for  cold  bent  frames 
54=1.0 
GL[43]:  S1=  1.7 
S2=  3.0 
S3=S4=1.0 
DnV[41]:  S1=S2=S3=2.0 
S4=0.9  for  cold  formed  frames 
All  of  them  assume  a  maximum  out-of-roundness  of  the  structural 
compartment  with  an  amplitude  of  0.5%  of  the  radius  and  calculate  pn  using 
the  Bryant  formula  [71]  for  elastic  buckling  : 
Et  nR,, 
+ 
(n2 
31ýEIý  (28)  Pn  = 
Rm  Lc 
2  RmL. 
TGRm 
22 
n2-1+ 
LZ 
n2+ 
Lm 25 
The  BS  5500  [24]  and  the  ECCS  [40]  recommend  also  pn>  Si  Pd 
The  API  RP  2A  [46]  requires  that  the  stress  corresponding  to  the  elastic 
General  Instability  pressure  pn  has  to  be  at  least  20%  above  the  Interframe 
Shell  elastic  buckling  stress  (given  by  1.25F,.  ).  pn  is  calculated  for  n=2  with 
the  second  term  of  eq.  (28)  only,  assuming  that  the  shell  does  not  offer  any 
additional  support  to  the  frame.  The  following  requirement  is  derived  [46]: 
Ic  =FtL, 
D2 
8E 
(29) 
The  API  Bul  2U  [44]  similarly  requires  the  General  Instability  stress  F,,,,  G: 
FheG  _ 
aOCPCR'  Kec  (30) 
to  be  at  least  20%  above  the  Interframe  Shell  elastic  buckling  stress,  now 
given  by  FDL.  pc;  is  equal  to  p,  eq.  (28).  cc,,  is  an  imperfection  factor 
assumed  as  0.8  and  K.,  is  given  by: 
K  __ 
0.85L.  t  (31) 
As  +  Let 
where  L.  =1.56  Kt+  tom,  S  Ls 
Frame,  Tripping 
As  far  as  Frame  Tripping  is  concerned,  the  BS  5500  [24]  used  to  have  a  very 
conservative  requirement,  in  which  the  elastic  buckling  stress  for  the  ring, 
calculated  ignoring  the  rotational  constraint  provided  by  the  shell,  had  to  be 
higher  than  the  yield  stress  of  the  frame: 
at  =A 
R=Z 
>  6yf  (32) 
.. 26 
It  was  assumed  that  such  a  procedure  would  guarantee  that  the  actual  elastic 
buckling  stress  (including  such  a  constraint)  would  be  at  least  3  times  the  yield 
stress.  The  present  version  of  such  a  code  allows  a  relaxation  by  requiring 
that,  for  flanged  stiffeners,  the  Tripping  stress  has  to  be  higher  than  the 
axisymmetric  component  of  the  stress  acting  at  the  stiffener  considered  as 
perfectly  circular  at  the  design  pressure  pd: 
ßt  = 
EI 
>  ß,  z  = 
Pdßyf  (33) 
AsR1z1  pyf 
For  flat  bar  stiffeners,  it  is  required  that  at  shall  be  4  times  such  an 
axisymmetric  component,  for  the  n  that  minimizes  eq.  (8).  at  is  then  given 
by  Tables  3.6(4)  and  3.6(5)  of  the  BS  5500  [24],  based  on  Kendrick's  theory  of 
Ref.  [57].  The  ECCS,  in  the  future,  may  allow  a  further  relaxation,  by  requiring 
that  at,  calculated  now  including  the  rotational  constraint  given  by  the  shell 
with  a  numerical  program  such  as  BOSOR  4,  has  to  be  3  times  the  mentioned 
axisymmetric  component  [49]. 
The  GL  [43]  requirements  seem  to  be  extreme:  at  calculated  according  to  eq. 
(32)  has  still  to  be  3  times  the  yield  stress,  for  tee  stiffeners  !  For  flat  bar 
stiffeners,  Figs.  9  and  10  of  [23]  (Tables  3.6(4)  and  3.6(5)  of  BS  5500  [24]  in 
graphical  form)  are  used  for  at  and  the  associated  pressure  has  to  be  3  times 
the  design  pressure. 
DnV  [41]  gives,  for  the  elastic  Tripping  stress  of  flanged  stiffeners,  the  same 
equations  for  both  stiffened  cylinders  and  stiffened  panels.  They  have  a  first 
term  with  the  contributions  from  the  shell  and  from  the  St.  Venant  pure 
torsion  and  a  second  term  with  the  contribution  from  warping: 
at  = 
AW+(tf  /tW)ZAf 
Gf  t=  2+  EI=  (34)  -A  +3A  dA 
Wfw3  +A,  Rmdw 27 
3C+0.2  3 
where:  ß= 
C+0.2  and  C  =1.56  Rt  tt 
F" 
For  flat  bars: 
W  ßt  =p+o.  2 
fw 
G' 
"z 
m 
(Uw) 
(35) 
These  are  intended  to  be  used  with  a  Perry-Robertson  type  column  curve  for 
lateral-torsional  buckling: 
ah/ayf  =1.0  if  ß,  S0.6 
l+µ+V  _ 
(l+µ+V)2 
-4V 
aý  /a= 
2ý2 
if  ?>0.6  (36) 
where  g=0.35(%-0.6).  A  usage  factor  is  recommended,  defined  similarly 
to  the  plating  case,  eq.  (13). 
Local  Buckling  of  Webs  and  Flanges 
The  slenderness  of  the  webs  and  flanges  has  to  be  restricted  to  avoid  local 
buckling.  This  is  usually  achieved  by  imposing  that  the  local  elastic  buckling 
stress  exceeds  the  yield  stress  by  a  certain  margin.  In  this  way,  it  is  possible  to 
derive  upper  limits  to  the  slenderness  ratios  of  webs  and  flanges.  These  limits 
are  shown  in  Table  1  for  some  of  the  various  codes. 
Tripping  is  sometimes  regarded  as  local  buckling,  despite  the  fact  that 
wavelengths  in  tripping  buckling  modes  seldom  are  comparable  with  the 
cross  section  proportions.  DnV  [41]  and  API  [44,46]  do  not  require  tripping 
checking  if  the  slenderness  requirements  are  fulfilled. 28 
Chapter  2-  ELASTIC  BUCKLING 
2.1  GENERAL  INSTABILITY 
2.1.1  Analytical  Modelling 
As  shown  in  the  previous  chapter,  pn  is  calculated  in  all  codes  surveyed 
with  the  Bryant  formula,  eq.  (28).  Other  simple  formulae  combining  shell  and 
frame  contributions  were  early  on  proposed  by  other  authors,  but  eq.  (28)  has 
persisted  to  the  present  days  because  it  tended  to  agree,  for  usual  cases,  with' 
the  more  accurate  theory  proposed  by  Kendrick  [54].  Originally  an  effective 
breadth  Le  equal  to  a  full  frame  spacing  was  assumed  in  the  calculation  of  the 
frame  moment  of  inertia  to  be  used  in  the  second  term  of  eq.  (28).  It  has  been 
realized,  however,  that  a  reduced  effective  breadth  is  necessary.  The  present 
work  uses  the  Bijlaard  expression: 
Le_  1.556  RtN  (37) 
1+0.5n° 
R  +0.577n2 
R 
The  BS5500  [24]  method  given  in  Appendix  6  can  also  be  used.  Very  small 
differences  were  found  when  comparing  the  failure  probabilities  calculated 
with  these  two  alternatives  of  effective  breadth  [28]. 
Kendrick's  solution  [54]  is  based  on  energy  methods  and  assumes  a  mode 
shape  corresponding  to  simply  supported  compartment  boundaries,  in  the 
form: 
u=  Al  cos(n6)  cos(7cx/Lc) 
v=  Bi  sin(ne)  sin(7cx/Ld+  B2  sin(nG)  [1-cos(2nx/Ls)]  (38) 
w=  Cl  cos(n6)  sin(nx/Ld+  C2  cos(n6)  [1-cos(2nx/LS)] 29 
so  that  mode  interaction  with  Interframe  Shell  buckling  is  considered.  The 
pre-buckling  components  were  approximated  by: 
Nox  =  -pRm/2 
Noy  =  -pRmtLs  /  (AS+tLs) 
No  f=  -ptAsL5/(AS+tLS) 
(39) 
Torsion,  warping  and  out-of-plane  bending  were  ignored  as  they  were 
assumed  to  be  small  for  practical  cases.  This  solution  seems  to  be  the  most 
accurate  available,  but  leads  to  a5x5  eigenvalue  problem  which  probably  was 
considered  too  cumbersome  to  be  included  in  the  codes,  where  eq.  (28)  is 
normally  adopted,  since  the  mentioned  mode  interaction  effects  become 
important,  in  typical  cases,  for  short  compartments  (Lc/Ri  <  2.0,  usually)  or 
larger  values  of  n  (n  >  4,  usually)  only.  Creswell  [65-67]  extended  both 
solutions  to  more  general  cases  such  as  non-uniform  frame  spacing. 
It  is  pointed  out  in  [51]  that  there  could  be  modes  associated  with  smaller 
buckling  loads,  flatter  at  mid-compartment  as  in  Fig.  19,  but  the 
corresponding  reduction  in  the  buckling  pressure,  again  for  usual  geometries, 
would  be  too  small  to  compensate  the  additional  calculation  difficulties 
involved.  Kaminsky  [93]  and  Ross  [110]  have  proposed  similar  theories,  based 
also  on  energy  methods,  to  calculate  the  buckling  pressure  for  fixed  or 
partially  fixed  boundary  conditions,  but  their  solutions  seemed  to  be 
unconservative  because,  in  order  to  fulfil  the  desired  boundary  conditions 
with  reasonably  workable  equations,  they  assumed  buckled  shapes  that 
overestimated  the  displacements  away  from  the  boundaries,  thus 
overestimating  the  collapse  pressures  [51,85,110]. 
Eq.  (28)  and  Kendrick's  method,  on  the  other  hand,  always  seemed  to  be  on 
the  safe  side  in  relation  to  the  experimental  results  available.  But  in  these 
tests  there  was  always  some  degree  of  end  restraint,  since  it  is  difficult  to 30 
obtain  experimentally  a  simply  supported  boundary  condition  and  at  the 
same  time  ensure  proper  sealing  of  the  model.  Such  an  end  restraint  may 
considerably  raise  the  buckling  pressure  and  Singer  [116]  pointed  out  that  the 
restraint  of  the  in-plane  displacements  tends  to  be  a  lot  more  important  than 
the  restraint  of  the  rotational  displacements.  Such  an  effect  may  be 
particularly  important  for  n=2,  as  discussed  in  [74]  and  in  Chapter  6  of  [150]. 
So  there  would  be  an  uncertainty  on  how  conservative  such  equations 
actually  are.  Nevertheless,  this  uncertainty  has  not  been  considered 
important  in  the  past,  given  the  overall  conservative  nature  of  the  design 
methods  and  the  fact  that  some  end  restraint  will  also  be  present  in  the 
compartments  of  a  real  submersible.  In  a  reliability  based  approach  such  an 
uncertainty  could  be  properly  quantified  by  a  modelling  parameter  (Xmi) 
based  on  experimental  and  FE  results. 
2.1.2  Finite  Element  Modelling 
FE  models  can  give  a  very  accurate  theoretical  prediction  of  the  buckling 
pressure,  provided  that  adequate  elements,  mesh  sizes  and  boundary 
conditions  are  used.  Once  the  models  are  validated  in  view  of  experimental 
results  and  mesh  studies  they  can  be  used  in  parametric  studies  improving 
our  understanding  of  the  problem.  The  program  ABAQUS  [35],  available  at 
the  University  of  Glasgow,  was  used  for  the  F.  E.  calculations  and  the 
modelling  used  is  summarised  in  Fig.  20. 
Type  of  Analysis 
Two  types  of  analysis  were  carried  out 
Eigenvalue  analysis:  a  'dead'  load  and  a  small  'live'  load  are  applied,  and  the 
elastic  bifurcation  buckling  is  estimated,  based  on  the  differential  stiffness  of 
the  structure: 31 
(K+)AK)v=0 
where:  K  =Stiffness  under  dead  loads  AK  =Differential  stiffness 
2,  =Eigenvalue  v  =Eigenmode 
(40) 
The  buckling  load  corresponds  to  the  live  load  multiplied  by  the 
eigenvalue.  The  'dead'  load  was  taken  as  zero  so  that  non-linear  pre-buckling 
effects  were  neglected,  since  they  were  not  found  relevant. 
Riks  analysis:  a  reference  'live'  load  is  applied  on  the  structure  by  means  of 
small  increments,  and  the  load  magnitude  corresponding  to  equilibrium  is 
calculated  for  each  of  these  increments,  defining  the  load-displacement  curve 
of  the  structure.  The  increment  size  is  controlled  by  the  program,  according  to 
the  path  length  along  the  load-displacement  curve.  The  total  load  magnitude 
for  each  increment  is  given  by: 
P=Po+%  (Pw-Po)  (41) 
where:  Po  =  loads  other  than  the  reference,  taken  as  'dead'  loads 
Pref  =  reference  load 
XP  =  load  factor  given  by  the  program 
This  type  of  analysis  allows  for  the  calculation  of  limit  points  and  of  the 
postbuckling  behaviour  of  the  structure. 
Type  of  Element 
Quadrilateral  curved  shell  elements  were  considered:  S4R,  S8R  (4  and  8 
nodes  respectively,  thick  shell,  6  degrees  of  freedom  per  node).  Previous  mesh 
studies  [28,291  have  shown  that  elements  S4R5,  S8R5  and  S9R5  (4,8  and  9 
nodes,  thin  shell,  5  degrees  of  freedom  per  node)  although  leading  to  a 32 
smaller  total  number  of  d.  o.  f.  in  the  model,  have  generated  many  spurious 
modes,  and  were  therefore  discarded.  For  the  same  number  of  d.  o.  f.  in  the 
model,  element  S8R  leads  to  a  much  faster  convergence  than  S4R  and  was 
therefore  preferred.  Plating,  frame  webs  and  frame  flanges  were  all  modelled 
by  shell  elements  in  order  to  allow  for  mode  interaction  effects.  The  shell 
elements  were  located  at  the  mean  radius,  for  the  plating,  and  at  the  mean 
flange  radius,  for  the  frame  flange. 
Mesh  Size  and  Boundary  Conditions 
Models  1,3  ,  5,8  and  10  of  Ref..  [136]  were  chosen  initially  for  mesh  studies, 
since  both  the  buckling  and  the  postbuckling  behaviour  was  reported.  Since 
they  had  a  rather  large  compartment  (Lc/Ri=7),  Model  6  of  Ref.  [110]  was  also 
included,  having  Lc/Ri=3.9.  The  relevant  information  regarding  the  models 
can  be  found  in  Appendix  1,  and  Fig.  21  shows  the  experimental  postbuckling 
results  for  models  1,3,5,8,10. 
Eigenvalue  analysis:  an  important  aspect  in  elastic  buckling  is  the  effect  of 
boundary  conditions.  Table  2  shows  the  influence  of  the  boundary  conditions 
on  the  elastic  bifurcation  buckling  of  Models  3  and  10  (same  dimensions)  of 
Ref.  [136],  considering  additionally  external  and  internal  framing,  and  both 
lateral  and  hydrostatic  pressure.  The  F.  E.  models  consisted  of  7  bays,  each  bay 
being  described  by  a  grid  of  four  S4R  shell  elements  in  the  axial  direction  by  12 
in  the  circumferential  direction,  to  model  an  angle  of  it/2n.  The  frames  were 
modelled  by  a  grid  of  2  such  elements  in  the  radial  direction  by  16  in  the 
circumferential  direction  and  4  eigenmodes  were  extracted  per  model.  Figs.  22 
and  23  show  the  buckling  modes  for  some  of  the  different  boundary 
conditions.  Table  2  confirms  that  the  restriction  of  the  axial  displacement 
considerably  raises  the  buckling  pressure  and  that  this  effect  is  particularly 
important  for  n=2. 33 
A  mesh  study  was  then  undertaken,  with  several  mesh  alternatives  being 
tested  under  the  restriction  that  no  element  should  have  an  aspect  ratio 
exceeding  2.0.  First  only  the  discretization  of  the  hull  plating  was  refined, 
being  each  bay  modelled  by  a  grid  of  10  by  10  S4R  elements  and  results  agreed 
with  those  of  Table  2  within  1%.  This  is  attributed  to  the  fact  that,  for  the 
critical  General  Instability  modes  the  shell  contribution  to  the  buckling 
pressure  (given  by  the  first  term  in  eq.  (28),  e.  g.  )  is  quite  small  in  comparison 
with  the  frame  contribution  (second  term  in  eq.  (28)).  As  a  consequence  it  is 
the  modelling  of  the  frames  that  is  critical;  Table  3  shows  results  for  different 
alternatives  of  mesh  and  element  used  in  the  frames.  Element  S4R  needed 
less  nodes  and  apparently  underestimated  the  stiffness  of  the  structure,  but 
element  S8R  converged  much  faster  and  was  therefore  preferred. 
The  results  of  the  FE  models  were  then  compared  with  the  six 
experimental  results.  Element  S8R  was  used,  modelling  each  bay  by  a  grid  of  4 
such  elements  in  the  axial  direction  by  5  in  the  circumferential  direction,  each 
frame  with  one  such  element  in  the  radial  direction  and  using  boundary 
conditions  of  the  axially  restrained  case.  Table  4  shows  that  the  experimental 
results  were  approximated  within  a  margin  of  3%-10%,  which  was  considered 
satisfactory  since  the  axial  displacements  in  the  experiments  were  probably 
not  fully  restrained  and  the  experimental  results  do  not  agree  much  better 
than  that  between  themselves.  This  is  shown  by  models  3  and  10,  which 
although  having  the  same  nominal  dimensions,  had  experimental  buckling 
pressures  7%  different. 
Riks  Analysis  :  the  analysis  was  then  extended  to  the  post-buckling 
behaviour,  Riks  analysis  being  carried  out  still  using  S8R  elements  and  axially 
restrained  boundary  conditions.  The  meshes  were  similar  to  the  previous 
ones  but  with  twice  as  much  elements  in  the  circumferential  direction,  since 
now  an  angle  of  is/n  was  considered  to  model  the  imperfection  growth. 
Different  values  for  the  out-of-roundness  amplitude,  ranging  from  0.002%  to 
*  this  is  unusual  since  the  stiffness  usually  decreases  with  increasing  mesh  refinement 34 
2%  of  the  radius,  were  used,  in  the  critical  circumferential  mode  n  and 
according  to  a  quarter  of  a  sine  wave  (given  the  model  symmetry)  in  the 
longitudinal  direction. 
For  the  small  imperfections  the  structure  closely  followed  the  bifurcation 
model,  with  axisymmetric  deformations  that  'snap-through'  into 
predominantly  wavy  ones,  as  the  bifurcation  load  is  exceeded,  Figs.  24a  and 
25.  For  larger  imperfections  there  is  no  clear  bifurcation,  Figs.  24b,  and  the 
bending  deformations,  in  the  form  of  Fig.  25b,  are  predominant  even  for 
small  loads.  In  all  models  a  slightly  stable,  quasi-neutral  postbuckling 
behaviour  was  verified  with  the  structure  being  able  to  withstand  loads 
slightly  higher  than  the  elastic  bifurcation  limit  in  the  expense  of  large 
deformations,  in  agreement  with  results  reported  in  [136]  and  [110].  Fig.  11 
shows  the  postbuckling  behaviour  given  by  the  F.  E.  models,  for  a  qualitative 
comparison  with  the  experimental  ones  given  in  Fig.  21. 
2.1.3.  EXPERIMENTAL  RESULTS 
A  compilation  of  76  test  results  corresponding  to  machined  ring-stiffened 
cylinders  failing  by  elastic  General  Instability  was  made  and  is  summarised  in 
Table  5;  details  are  given  in  Appendix  1.  The  models  were  in  the  range:  1.57< 
Z  (1=LS)  <  29.213,33.3<  R/t  <  264,1.17<  Lc/Rl  <  10.41  and  1.18<  x<8.53. 
From  all  these  parameters,  the  only  one  to  which  the  experimental  data 
has  showed  some  correlation  was  the  'Bodily  Factor'  x  proposed  by  Yokota  et 
al.  [147],  Fig.  27.  Such  a  factor  is  actually  a  clever  combination  of  geometrical 
and  material  properties: 
_ 
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It  is  possible  to  fit  a  mean  curve  in  this  group  of  data: 
pcr/pyf  =1.0/X  if  1.0  <X<9.0  (43) 
The  model  uncertainty  associated  with  eq.  (43),  for  this  group  of  data, 
would  have  the  following  statistical  properties:  bias=  1.03,  cov  =  16.5%.  The 
scattering  of  the  experimental  data  is  mainly  due  to  the  already  mentioned 
effect  of  end  restraint  in  the  model  boundaries;  increasing  the  degree  of 
restraint  may  not  only  raise  the  buckling  pressure,  but  also  raise  the  critical 
value  of  n.  Reynolds  and  Blumenberg  [741  explained  this  effect  as  being 
equivalent  to  a  shortening  of  the  compartment  length.  A  graph  of  buckling 
pressure  versus  compartment  length  tends  to  reveal  a  series  of  intersecting 
'sky-jump'  curves,  one  for  each  mode  (n=2,3,...  ).  On  a  flat  portion  of  such 
curves  a  change  of  the  length  would  lead  to  a  small  change  of  the  pressure, 
but  for  a  steep  slope  such  a  change  may  be  large.  It  is  proposed  in  [741  that  a 
simple  reduction  coefficient,  to  be  applied  to  the  compartment  length,  could 
be  derived  from  the  experiments,  so  that  the  minimum  theoretical  buckling 
pressure  could  approximate  the  experiments  more  closely.  This  proposal  was 
tried  but  such  a  reduction  was  in  the  range  of  0-30%,  again  with  a  large 
scattering.  These  simple  curve  fittings  and  reduction  factors  were  not 
considered  further.  The  experimental  data  was  then  compared  with  the  more 
accurate  predictions  of  eq.  (28)  and  Kendrick's  method  and  of  the  F.  E.  models. 
2.1.4.  COMPARISON  BETWEEN  TEST  AND  THEORY 
Milligan  et.  al.  11091:  the  4  experimental  results  were  much  above  the 
corresponding  theoretical  ones,  possibly  due  to  the  shallow  stiffeners  used, 
and  were  therefore  not  included  further  in  the  analysis.  They  suggested 
however  that  an  externally  framed  vessel  may  be  weaker  than  an 
internally  framed  one,  as  far  as  the  elastic  General  Instability  is  concerned. 
This  possible  weakening  effect  is  not  predicted  by  the  BS  5500  [24],  since  in 36 
the  second  term  of  eq.  (28)  the  mean  shell  radius  Rm  is  used.  It  was  found 
more  appropriate  to  use  Rc  instead  of  Rm  in  the  second  term  of  eq.  (28),  for 
externally  framed  models. 
Galletly  et.  al.  [85],  Reynolds  and  Blumenberg  [741:  in  these  two  references 
34  experimental  results  obtained  non-destructively  are  reported,  in  which 
the  models  had  always  the  same  nominal  dimensions,  except  for  the 
compartment  length,  but  different  boundary  conditions.  First,  24  results  are 
given,  corresponding  to  different  compartment  lengths  and  5  different 
types  of  boundary  conditions.  Fig.  28  shows  some  of  the  results  obtained 
in  comparison  with  F.  E.  results  for  the  axially  restrained  and  for  the  axially 
non-restrained  boundary  conditions  and  it  can  be  seen  how  difficult  it  is  to 
obtain  experimentally  anything  close  to  a  non-restrained  condition.  It  is 
perhaps  worth  noting  that,  in  a  model  with  Lc/Ri-14,  the  effect  of  end 
restraint  virtually  had  vanished  and  both  eq.  (28)  and  Kendrink's  method 
had  converged  closely  to  the  experimental  value  obtained. 
One  of  the  longest  cylinders,  with  37  frame  spacings,  was  used  to 
generate  new  experimental  results,  now  using  machined  disc  inserts  to 
simulate  bulkheads.  Varying  the  spacing  between  the  discs,  10  results  were 
obtained.  The  disks  had  sharpened  edges  and  were  in  contact  with  but  not 
physically  attached  to  the  shell.  It  was  intended  to  minimize  the  end 
restraint,  but  surprisingly  the  experimental  results  were  still  considerably 
above  the  theoretical  predictions.  This  was  attributed  to  a  possible  partial 
end  restraint  due  to  friction  forces  between  the  disks  and  the  shell.  In  our 
opinion  there  was  another  important  factor  :  the  compartments  defined  by 
the  discs  were  bounded  by  smaller  compartments  which  probably  also 
acted  as  an  'end  restraint'.  Fig.  29  shows  these  experimental  results 
compared  with  F.  E.  results  for  idealised  boundary  conditions  and  Fig.  30 
shows  them  compared  to  the  most  extreme  boundary  conditions  obtained 
previously  in  the  experiments.  It  can  be  seen  that  the  discs  were  able  to 
raise  the  buckling  pressure  to  be  closer  to  the  axially  restrained  case.  It  also 37 
shows  how  such  a  restraint  greatly  affects  the  results  for  n=2,  even  for 
large  compartments,  while  for  n=3,  it  is  relevant  only  for  smaller 
compartments.  That  is,  the  curve  buckling  pressure  versus  length  had  still 
a  steep  slope  for  n=2  even  for  very  large  compartments,  while  it  tended  to 
become  flat  faster  for  n=3. 
Blumenberg  [801  and  Reynolds  and  Blumenberg  1791:  in  these  two  reports 
the  authors  investigated  the  effect  of  intermediate  deep  frames  of  different 
stiffness.  Only  those  results  in  which  the  deep  frames  were  effectively 
limiting  the  structural  compartments  were  used  in  the  present  analysis. 
Since  the  authors  were  careful  in  producing  models  divided  in 
compartments  with  similar  length  and  the  deep  frames  had  relatively 
small  torsional  stiffness,  these  results  were  probably  the  closest  possible  to  a 
simply  supported  boundary  condition.  They  were  still  about  15%  above  the 
F.  E.  results,  about  5-10%  above  predictions  of  Kendrick's  solution  and  about 
5-20%  above  predictions  of  eq.  (28). 
Boichot  and  Reynolds  [941:  the  authors  tested  a  great  number  of  small 
models,  intended  to  fail  by  plastic  Interframe  Shell  buckling.  Many  of 
them,  however,  failed  by  plastic  General  Instability  and  3  of  them  by  elastic 
general  instability  which  could  be  included  in  the  present  analysis.  They 
had  quite  small  compartment  lengths. 
Ross  1110:  the  author  tested  7  models,  3  of  them  failing  by  elastic  general 
instability.  Since  the  tests  were  intended  to  verify  the  author's  theory  for 
partially  fixed  edges,  there  was  a  relatively  large  degree  of  end  restraint  in 
all  of  them. 
Midgley  and  Johnson  r1131:  the  authors  tested  many  thin  shells,  8  of  them 
failing  by  elastic  General  Instability.  These  were  internally  stiffened  and 
had  relatively  short  compartments  failing  with  n>  3. 38 
Seleim  and  Roorda  11361:  in  these  more  recent  tests,  10  models  were  tested, 
5  of  which  failed  by  elastic  General  Instability.  The  degree  of  end  restraint 
was  again  relatively  high. 
Yokota  et  al  [147],  Yamamoto  et  al  [1481,  Morihana  et  al  [1421:  these  papers 
present  results  of  an  extensive  experimental  program,  reflecting  the 
interest  in  submersible  structures  shown  in  japan  in  recent  years. 
Although  most  of  them  were  intended  to  verify  the  effect  of  imperfections 
or  plasticity,  7  of  them  failed  by  elastic  General  Instability  and  could  be  used 
here. 
Fig.  31  shows  the  overall  results  for  the  modelling  parameter  Xm1,  initially 
defined  as  the.  experimental  buckling  load  divided  by  the  minimum 
theoretical  buckling  load  calculated  with  either  Kendrick's  method  or  eq.  (28), 
again  plotted  against  X.  The  statistical  properties  of  X, 
nl  were: 
bias  =  °1.25,  cov  =  15.5%,  Kendrick's  method 
bias  =1.25,  cov  =  15.2%,  eq.  (28) 
A  previous  analysis  [30],  limited  to  24  experiments,  gave  a  bias,  using  eq. 
(28),  of  1.303  and  a  cov  of  5.5%.  The  bias.  has  not'changed  significantly,  but  the 
cov  is  considerably  bigger,  indicating  that  the  small  cov  obtained  in  [30]  was 
due  to  the  small  sample  size. 
Since  the  cov's  remained  quite  large  a  more  detailed  study  was  carried  out. 
The  tests  were  divided  in  two  groups: 
Group  A:  20  models,  from  Refs.  [74,79,801,  with  small  axial  end  restraint, 
like  deep  frames,  Fig.  32.  In  this  group,  the  boundary  conditions  are 
expected  to  be  closer  to  simple  support  and  the  experimental  buckling 
mode  coincided  with  the  minimum  theoretical  one 39 
Group  B:  remaining  52  models,  with  larger  end  restraint,  like  bolted  end 
rings,  Fig.  33.  In  this  group,  the  boundary  conditions  are  expected  to  be 
closer  to  axially  restrained  and  in  most  cases,  experimental  buckling 
occurred  with  n  immediately  after  the  minimum  theoretical  one 
For  the  models  of  group  A,  both  theories  gave  quite  accurate  results: 
bias  =  1.05,  cov.  =  4.4%,  Kendrick's  method 
bias  =  1.09,  cov  =  10.5%,  eq.  (28) 
(sample  size  =  20  models) 
For  Group  B  models,  it  is  important  to  redefine  the  modelling  parameter, 
as  in  Fig.  34,  so  those  models  in  which  buckling  occurred  with  n  different 
from  the  minimum  theoretical  would  actually  yield  information  for  two 
different  values  of  n.  Some  of  them  would  be  conservatively  estimated  to  be 
lower  than  1.0  and  would  lead  to  overall  safe  results.  Fig.  35  shows  the  results 
obtained.  The  following  statistical  properties  were  found  for  the  modelling 
parameter: 
-  For  n=2  bias  =  1.40,  cov  =  14.8  %,  Kendrick's  method 
bias  =  1.34,  cov  =  15.2  %,  eq.  (28) 
(sample  size  =  27  models) 
-  For  n=3  bias  =1.07,  cov  =  17.5  %,  Kendrick's  method 
bias  =1.06,  cov  =14.0  %,  eq.  (28) 
(sample  size  =  28  models) 
-  For  n=4  bias  1.10,  cov  17.4  %,  Kendrick's  method 
bias  1.14,  cov  23.3  %,  eq.  (28) 
(sample  size  =  17  models) 
The  sample  sizes  are  relatively  small  but  are  probably  sufficient  to  give  an 
estimate  for  the  bias.  These  values  are  thought  to  be  on  the  safe  side  and  it  is 40 
clear  that  the  end  restraint  is  quite  important  for  n=2.  It  can  be  seen  that,  if 
the  end  restraint  is  not  relevant,  the  scattering  of  the  modelling  parameter  is 
reduced  and  therefore  a  cov  of  somewhat  smaller  than  15%  can  be  used.  For 
n=4  and  Lc/Ri>4.0  or  n>4,  however,  there  was  no  experimental  information 
available. 
For  each  of  the  experiments,  F.  E.  results  were  obtained  using  both  simply 
supported  and  axially  restrained  boundary  conditions,  for  the  minimum 
theoretical  and  for  the  experimental  n,  when  these  were  different.  F.  E. 
models  without  axial  restraint  were  used  to  approximate  group  A,  while  F.  E. 
models  with  axial  restraint  were  used  to  approximate  group  B,  with  the 
meshes  and  elements  recommended  in  2.1.2.  By  doing  so,  most  of  the 
experiments  could  be  approximated  within  a  margin  of  15%.  The  exception 
were  models  in  which  the  end  restraint  raised  the  buckling  pressure  to  a 
value  approximately  halfway  between  the  two  idealised  conditions.  Using  the 
F.  E.  results  as  the  predicted  values  and  the  experiments  as  the  observed 
values  for  the  buckling  pressure,  the  model  uncertainty  would  have  the 
following  properties:  bias  1.020  and  cov  11.8%. 
Using  eq.  (28)  for  prediction  and  the  FE  results  without  end  restraint  as 
observed  values  for  the  buckling  pressure,  the  model  uncertainty  would  have 
the  following  properties:  bias  =  0.95,  cov  =12.6% 
Singer  [116]  proposed  that  a  correlation  exists  between  the  boundary 
conditions  in  vibration  and  in  buckling,  provided  that  the  modes  are  similar. 
By  determining  the  natural  frequencies  of  vibration  of  the  loaded  model  and 
comparing  them  with  appropriate  theoretical  predictions  it  would  be  possible 
to  estimate  equivalent  elastic  restraints  representing  the  boundary  conditions. 
If  such  information  was  available,  the  boundary  conditions  could  be 
approximated  by  springs  in  the  F.  E.  models,  probably  minimising  data 
scattering  due  to  end  effects  and  providing  an  even  smaller  cov. 41 
Fig.  36  shows  the  ratio  between  the  buckling  pressures  obtained  with  the 
non-axially  restrained  F.  E.  models  and  those  obtained  with  the  axially 
restrained  ones,  for  70  of  the  models.  The  general  trend  would  be  for  the  bias 
and  the  cov  to  decrease  with  increasing  n  and  increasing  compartment 
length,  as  the  end  effect  progressively  vanishes.  This  trend  is  apparent  in  Fig. 
36  for  n=3;  it  is  not  so  evident  for  n=2  because  this  mode  is  important  for 
long  compartments  and  was  not  present  in  the  smaller  ones;  a  similar 
situation  happens  for  n=  4,5  which  were  not  present  in  long  compartments. 
2.1.5.  PARAMETRIC  STUDIES 
Since  none  of  the  experimental  models  had  tee  frames,  F.  E.  models  were 
then  applied  to  six  realistic  design  cases  (given  in  Table  6).  In  some  cases  the. 
thickness  had  to  be  increased  to  avoid  an  excessive  number  of  Interframe 
Shell  buckling  modes.  For  Case  3  different  compartment  lengths  and  n=2,3,4 
were  considered  and  results  are  shown  in  Table  7.  The  main  observations 
were: 
even  using  t=46  mm,  modes  corresponding  to  pressures  above  38  N/mm2 
could  not  be  obtained  within  the  computer  budget  available,  due  to  the 
excessive  number  of  Interframe  Shell  modes  before  the  General  Instability 
ones.  Therefore  no  results  were  obtained  for  smaller  compartments  and 
n=2  and  n=4 
predictions  of  eq.  (28)  and  Kendrick's  method  were  quite  similar,  except 
for  the  smaller  compartment  in  n=2,  for  -which  the  latter  was  about  8% 
lower,  possibly  because  it  incorporates  mode  interaction  effects  with 
Interframe  Shell  Buckling 
both  analytical  methods  seemed  to  lose  accuracy  with  increasing  n,  due 
to  mode  interaction  effects  with  Frame  Tripping,  which  become  apparent 
in  n=4 42 
the  axial  restraint  increased  the  buckling  pressure,  according  to  ABAQUS 
[35]  results,  from  18%  in  a  8.8  m  length  compartment  to  9%  in  a  14  m 
compartment,  for  n=3.  For  n=2  and  n=4  it  was  not  possible  to  obtain 
results  for  the  axially  restrained  'case  even  with  the  overthick  shell 
some  General  Instability  modes,  affected  by  the  axisymmetric  stress 
concentration  in  the  models  ends,  were  found  with  buckling  pressures  of 
21.5  N/mm2,  for  n=2,  and  20.3  N/mm2,  for  n=3,  and  almost  insensitive 
to  the  compartment  length,  indicating  their  local  nature.  Table  7  shows 
only  results  corresponding  to  modes  without  such  effects,  as  in  Fig.  37 
The  other  design  cases  were  analysed  only  on  their  critical  n  and  results 
are  summarised  in  Table  8.  The  most  important  observations  are: 
the  analytical  methods,  for  n  =2,3,  approximate  well  the  more  refined  F.  E. 
models.  For  external  frames,  though,  eq.  (28)  may  be  somewhat 
unconservative  because  of  the  mean  shell  radius  been  used  in  the  second 
term 
the  effect  of  end  restraint  is  much  more  pronounced  for  n=2  . 
for  n>  4,  the  buckling  modes  are  mostly  associated  with  Frame  Tripping 
and  Interframe  Shell  buckling 
2.1.6.  MODELLING  UNCERTAINTY 
The  following  statistical  properties  of  X1  are  proposed  "  for  reliability 
calculations  using  eq.  (28): 
a.  )  ignoring  the  end  restraint:  bias  =  1.10,  cov  =  12.5%  (n=2,3,4) 43 
b.  )  considering  the  end  restraint:  bias  =  1.35,  cov  =  15%  (n=2) 
bias  =  1.10,  cov  =  12.5%  (n=3,4) 
Very  little  experimental  and  no  numerical  information  was  obtained  for 
General  Instability  in  n>4,  as  in  this  range  Frame  Tripping  and  Interframe 
Shell  Collapse  become  much  more  critical  even  for  overthick  shells.  A  more 
conservative  modelling  is  proposed  in  this  range:  bias  =  1.0  and  cov  =  15%. 
2.2)  INTERFRAME  SHELL  BUCKLING  AND  FRAME  TRIPPING 
The  elastic  buckling  in  the  Interframe  Shell  and  Frame  Tripping  modes 
will  be  treated  in  the  same  section,  since  they  are  highly  similar  and  related, 
as  shown  in  Figs.  15b  and  15c:  the  only  difference  is  that,  in  the  former,  the 
shell  radial  displacement  w  predominates  over  the  frame  axial  displacement 
u,  while  in  the  latter  the  opposite  happens. 
2.2.1)  Analytical  Modelling 
Eq.  (8)  gives  a  analytical  solution  for  Interframe  Shell  Buckling  which  is 
widely  used,  as  shown  in  the  code  review  of  Chapter  1,  and  is  known  to  be 
reasonably  accurate  (if  the  frames  are  not  closely  spaced)  and  slightly 
conservative.  It  assumes  a  unstiffened  cylinder  pinned  at  non-deflecting 
cylindrical  supports  at  the  frame  positions,  therefore  ignoring  both  the  radial 
displacement  and  the  rotational  stiffness  of  the  frames. 
A  similar  approach  is  often  used  for  Frame  Tripping,  assuming  the  frames 
pinned  at  non-deflecting  cylindrical  supports  and  ignoring  the  shell  radial 
displacement  and  rotational  stiffness,  and  leading  to  the  solution  of  eq.  (32). 
The  problem  is  that  by  ignoring  the  rotational  constraint  provided  by  the 
shell,  the  buckling  pressure  is  underestimated  by  a  factor  of  at-  least  three  in 
many  cases. 44 
Kennard  [92]  early  on  proposed  a  solution  for  the  elastic  Tripping  stress  as 
well  as  for  the  stresses  due  to  an  initial  tilting,  but  considering  the  frame 
clamped  at  the  shell.  Kendrick  has  developed  an  accurate  analytical  solution, 
based  on  energy  methods,  which  properly  takes  into  account  the  rotational 
constraint  [23]  provided  by  the  shell.  Such  a  solution  involves,  for  practical 
cases,  the  solution  of  a6x6  determinant  and  is  implemented  in  the  N9E 
code.  It  is  somewhat  time  consuming  for  hand  calculation  and  for  reliability 
analysis. 
A  simpler  solution  was  proposed  by  Faulkner  et  al.  [239],  working  on  flat 
stiffened  panels:  the  plating  is  modelled  by  a  rotational  spring  (allowing  for 
interaction  with  plate  buckling)  and  the  cross  section  is  assumed  to  rotate 
uniformly  around  the  connection  to  the  plating.  An  energy  approach  is  used 
including  terms  associated  with  St.  Venant  pure  torsion,  warping  of  the  cross 
section  around  an  enforced  axis  and  the  spring  itself.  Faulkner  [25]  has 
recently  adapted  such  a  solution  for  cylinders,  neglecting  the  radial  stresses  at 
the  frame  and  using  a  spring  constant  which  takes  into  account  the  possible 
interaction  between  Tripping  and  Interframe  Shell  buckling.  The  Tripping 
stress  is  given  by: 
2 
c'J+EF 
(Rm 
+Con  (R)2 
a-  (44) 
I+ 
Coll  Rm  2 
Pte,  n 
Comparisons  were  carried  out  with  ABAQUS  [35]  -results  for  tee  frames 
[28,29]  and  it  was  verified  that  this  solution  gave  accurate  predictions  for  n 
2-4.  For  n-  5-  10,  buckling  no  longer  occurred  with  the  section  rotating 
uniformly  around  the  connection  with  the  shell  and  web  deformation  effects 
should  be  taken  into  account.  For  n>  -10,  the  buckling  modes  were 
associated  mostly  with  Interframe  Shell  and  local  web  deformations  and 
Frame  Tripping  was  no  longer  relevant.  Still  working  on  flat  stiffened  panels, 45 
Adamchack  [104]  proposed  a  solution  including  the  web  deformation  effect, 
again  using  energy  methods.  Such  a  solution  was,  in  a  similar  way,  adapted  to 
cylinders  [12]: 
at  (k2k4 
-kb)+at(k,  k4+k2k3  -2k5k6)+(k,  k3  -k5)=  0  (45) 
Since  the  coefficients  kl-k6  are  dependent  on  the  Tripping  stress  itself,  a 
numerical  solution  is  needed.  A  closed  form  solution  was  pursued,  more 
suitable  for  hand  calculation  and  reliability  analysis.  The  Tripping  stress  in 
this  solution  is  given  by  : 
b-  b2  -  4ac 
6t  _  2a 
(46) 
The  derivation  of  eq.  (46)  and  the  coefficients  of  eqs.  (45,46)  are  given  in 
Appendix  2. 
2.2.2)  Finite  Element  Modelling 
The  program  ABAQUS  [351  was  used  for  the  FE  calculations  and  the 
modelling  used  is  summarised  in  Fig.  38. 
Type  of  Analysis 
Eigenvalue  Analysis,  see  2.1.2. 
Type  of  Element 
Quadrilateral  curved  shell  elements  SSR.  were  used  for  the  shell  and  the 
frames.  The  shell  elements  were  located  at  the  mean  radius,  for  the  plating 
and  at  the  mean  flange  radius,  for  the  frame  flange. 46 
Mesh  Size  and  Boundary  Conditions 
Two  bay  models  were  used,  with  symmetry  conditions  in  the  axial  borders, 
simulating  an  infinite  compartment.  Each  case  was  split  into  several  models, 
where  only  part  of  the  circumference  was  modelled  and  tangential  symmetry 
and  anti-symmetry  conditions  were  imposed  for  the  eigenvalue  extraction. 
The  hydrostatic  axial  load  component  pR/2,  was  applied  in  the  middle  surface 
of  the  shell,  in  one  axial  border,  while  axial  displacements  were  restrained  in 
the  opposite  border.  Four  S8R  elements  were  used  for  the  shell  between 
frames  in  the  axial  direction;  two  for  the  web  in  the  radial  direction  and  two 
for  the  flange  in  the  axial  direction.  In  the  circumferential  direction,  the 
number  of  elements  was  always  chosen  to  avoid  the  aspect  ratio  of  the  shell 
elements  exceeding  2.0.  Finer  meshes  did  not  lead  to  appreciably  different 
results  than  those  obtained  with  the  above  arrangement. 
2.2.3  Parametric  Studies 
Comparisons  between  analytical  and  numerical,  results  were  carried  out  for 
Cases  1,2,3,4,4b,  5,6  and  7  of  Table  6.  Most  of  them  had  internal  tee  frames, 
the  most  usual  configuration  for  submarine  pressure  hulls,  but  an  externally 
tee  framed  and  a  flat  bar  framed  vessel  (buoyancy  chamber)  were  also 
considered.  Fig.  39  shows  typical  results  for  the  elastic  buckling  pressures,  as  a 
function  of  n,  for  Interframe  Shell  Buckling 
,  eq.  (8)  and  Frame  Tripping,  eq. 
(46).  This  figure  corresponds  to  Case  3,  a  design  solution  fairly  typical  of  the 
BS  5500  [24]  criteria,  and  ABAQUS  [35]  results  are  also  given  for  comparison.  It 
can  be  seen  that  for  nz8,  the  hull  is  buckling  in  an  Interframe  Shell  mode. 
For  n<5,  however,  Frame  Tripping  is  more  critical.  But  this  pressure  '  hull 
was  designed  according  to  eq.  (32)  and  its  elastic  Tripping  pressures  are  a  lot 
more  than  3  times  the  axisymmetric  component  acting  at  the  frame  (-  3.0 
N/  mm2  ).  The  web  was  designed  to  have  quite  a  large  safety  margin  against 
local  buckling:  the  elastic  buckling  pressure,  calculated  for  a  plate  under 
compression  simply  supported  at  the  shell  and  at  the  flange  is  83.64  N/mm2. 47 
Tables  9  to  3ý  show  comparisons  between  the  various  theories  outlined  and 
ABAQUS  [35]  results  for  the  design  cases.,  For  some  of  them,  BOSOR  4  [153] 
and  N9E  results  were  also  found  in  the  literature.  The  tables  also  show,  from 
the  amplitudes  in  the  buckling  modes  obtained  with  ABAQUS  [35],  whether 
Tripping  or  Interframe  Shell  buckling  was  dominant.  Cases  3,4,5,6,  in 
particular,  are  representative  of  BS  5500  [24]  design  using  eq.  (32).  Cases  1  and 
4b  have  narrow,  stocky  flanges  and  therefore  violate  such  a  criteria,  but  can  be 
seen  to  have  an  elastic  buckling  pressure  which  is  still  a  lot  higher  than  3 
times  the  axisymmetric  component  at  the  frame. 
Results  of  eq.  (46)  agree  well  with  F.  E.  results  where  Tripping  is  dominant. 
For  n=2,3,  however,  the  stiffener  is  effectively  clamped  at  the  shell  and  the 
buckling  mode  assumed  in  'eq.  (46)  may  not  be  critical;  this  can  be  simply 
checked  comparing  such  a  solution  with  Kendrick's  N9B  [23]  or  with 
Kennard's  theory  [92].  An  example  of  such  a  situation  is  given  by  Kendrick  in 
[48],  where  buckling  modes  were  accurately  calculated  with  BOSOR  4  [153]  for 
Case  6b  of  Table  6.  This  is  not  important,  however,  because  the  minimum 
Tripping  pressure  tends  to  be  associated  with  n>3,  where  the  frame  is  no 
longer  clamped  at  the  shell  and  the  mode  assumed  in  eq.  (46)  is  critical. 
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Chapter  3-  COLLAPSE  PREDICTION 
3.1)  FACTORS  AFFECTING  COLLAPSE  PREDICTION 
3.1.1)  Shape-Perfect  Shell  -  Stress  Analysis  in  the  Elastic  Range 
If  a  shell  is  assumed  initially  stress-free  and  of  a  perfectly  cylindrical  shape, 
the  differential  equation  governing  its  deformations  (purely  axisymmetric) 
under  external  hydrostatic  pressure  ,  assuming  small  deflections,  is  given  by: 
d4w 
+ 
pRm 
+y 
dew 
dx`  2EI  Rn,  dx2 
where  I=  t3  /12(1-V2) 
tw=  P(1-v  /  2) 
+ 
IR  EI 
(47) 
The  second  term  reflects  the  effect  of  the  axial  pressure  on  the  bending 
deformations  and  produces  'beam-column'  type  non-linearity.  By  neglecting 
it,  the  analysis  is  greatly  simplified.  Eq.  (47),  without  the  second  term,  was 
early  on  solved  for  uniform  ring-stiffened  cylinders  by  von  Sanden  and 
Gunther  [98].  Wilson  improved  their  solution  by  using  a  more  rigorous 
modelling  of  the  frame  rigidity  [68].  Referring  to  Fig.  40,  the  more  important 
results  obtained  were: 
Pressure  at  which  the  elastic  mean  circumferential  stress  midbay  between 
stiffeners  equals  the  yield  stress  of  the  plate  material: 
ßßt 
Pc5  =  Rm  ý1  +I  G) 
(9  repeated) 
where: 
A(1-v  /  2)  (48)  Y  A+twt+2Nt/a 49 
A=A,  (Rn,  /  R,  ý2  (49) 
131-v2 
Oc  =  n2  Zý  = 
1.285  for  v=0.3  (50) 
lammt 
ýmt 
N=  cosh(aL)  -  cos(aL) 
sinh(aL)  +  sin(aL) 
(51) 
G=-2  sinh(aL  /  2)  cos(aL  /  2)  +  cosh(aL  /  2)  sin(aL  /  2) 
(52) 
sinh(aL)  +  sin(aL) 
Pressure  at  which  the  elastic  mean  circumferential  stress  in  the  stiffener 
flange  equals  the  yield  stress  of  the  frame  material: 
Pyf  _2  [_aftRf  1+A  (53) 
R.  (1 
-v/ 
2)  twt  +  2Nt  /a 
Solutions  of  eq.  (47)  for  uniform  ring-stiffened  cylinders,  including  the 
second  term,  were  later  proposed  by  Pulos  and  Salerno  [91]  and  Wilson  [70] 
using  different  methods  and  the  resulting  formulae  for  the  deflections  and 
stresses  are  no  longer  linear  in  the  pressure.  The  error  incurred  when 
neglecting  the  second  term  of  eq.  (47)  tends  to  be  larger  the  closer  the 
operational  pressure  gets  to  the  elastic  buckling  pressure.  Since  in  practice  the 
elastic  buckling  pressure  is  usually  much  greater,  than  the  operational 
pressure,  the  above  simpler  equations  are  more  often  used  in  practice. 
Stress  analysis  in  the  elastic  range,  for  initially  stress-free,  perfectly 
axisymmetric  shells,  can  now  be  performed  with  reasonably  inexpensive  and 
simple  models  even  for  complex  geometries  such  as  non-uniform  ring- 
stiffened  shells  and  combinations  of  cylinders,  cones  and  domes,  with  the  use 
of  general  purpose  Finite  Difference  or  Finite  Element  programs,  like  BOSOR 
4  [153]  or.  ABAQUS  [35]. 50 
3.1.2)  Shape-Perfect  Shell  -  Stress  Analysis  beyond  the  Elastic  Limit 
The  stress  analysis  of  an  initially  stress-free,  perfectly  circular  shell  has  also 
been  extended  beyond  the  elastic  limit  for  bays  far  from  end  disturbances  such 
as  bulkheads,  deep  frames,  cylinder-cone  intersections,  etc..  Such  disturbances 
usually  induce  a  region  of  axisymmetric  stress  concentration,  basically  because 
different  forms  of  shell,  having  different  radial  stiffness,  usually  deform  quite 
differently  when  subjected  to  external  pressure.  Compatibility  forces  may  then 
appear  at  the  juncture,  leading  to  the  formation  of  a  premature  plastic  hinge 
and  to  premature  collapse  of  the  adjacent  bay. 
Sufficiently  far  from  these,  however,  yielding  usually  starts  in  one  of  the 
following  positions,  depending  on  the  frame  size:  at  the  outside  surface  of  the 
shell  midway  between  frames  in  the  circumferential  direction  or  at  the  inside 
surface  of  the  shell  adjacent  to  the  frames  in  the  longitudinal  direction.  In  the 
latter  case,  the  pressure  at  which  a  subsequent  yield  condition  is  then  reached 
at  midbay  can  be  calculated  similarly  to  the  previous  section,  provided  that 
the  boundary  condition  at  the  frame  is  changed  [99].  For  the  former  case 
approximations  were  proposed  by  Lunchick  [100]  and  Wilson  [69].  Again,  this 
type  of  stress  analysis  can  be  performed  with  FD  or  FE  programs  such  as 
BOSOR  5  [154]  and  ABAQUS  [35). 
These  solutions  did  not  become  popular  for  direct  use  in  design  because 
buckling  tends  to  be  more  critical  than  axisymmetric  shell  yielding.  As 
Faulkner  points  out  in  the  discussion  of  [69],  their  merit  would  be  to  give  an 
improved  value  for  Pc5  that  could  perhaps  reduce  the  scattering  of  the 
experimental  results  of  Fig.  16  when  plotted  against  pes,  /pc5. 
3.13)  Classical  Buckling  Estimates 
As  shown  in  Chapter  2,  elastic  buckling  is  often  estimated  by  simple 
analytical  solutions  such  as  eqs.  (8,28,46).  These  usually  ý  agree  reasonably  well, 
in  the  critical  modes  and  within  certain  limits,  with  more  accurate  energy 51 
methods  and  Finite  Difference  or  Finite  Element  codes  as  BOSOR  4  [153)  and 
ABAQUS  [35]. 
The  BOSOR  5  [154]  program  can  be  used  to  estimate  the  elasto-plastic 
buckling  load  of  initially  shape-perfect  axisymmetric  shells.  Approximate 
analytical  solutions  for  the  plastic  Interframe  Shell  buckling  pressure,  using  a 
modified  Tangent  Modulus  approach  [75,81],  have  been  proposed  and  are 
used  in  some  codes  of  practice  as  shown  in  Chapter  1.  A  modified  Tangent 
Modulus  approach  was  used  for  the  plastic  General  Instability  pressure  in  [76]. 
A  modified  Tangent  Modulus  approach  was  used  for  the  plastic  Frame 
Tripping  pressure  by  Faulkner  in  [25]. 
3.1.4)  The  Effect  of  Boundary  Conditions 
Boundary  conditions  may  have  a  significant  effect  on  the  buckling  pressure 
of  shells,  particularly  in  the  elastic  range  as  verified  for  General  Instability  in 
Chapter  2  (see  Table  2). 
As  also  verified  in  chapter  2,  it  is  not  easy  to  obtain  experimentally  simply 
supported  or  clamped  boundary  conditions,  nor  is  it  easy  to  determine  the 
real  boundary  conditions  in  a  given  experiment.  This  tends  to  complicate  the 
comparison  between,  theoretical  and  experimental  results. 
Determining  boundary  conditions  is  a  difficult  task  in  laboratory 
conditions  and  can  be  expected  to  be  even  more  difficult  in  a  real  structure.  So 
it  is  usual  to  assume  simply  supported  boundary  conditions  in  design  and 
ignore  the  effect  of  restraints  present  in  the  structure  which  then  provide  an 
additional  safety  margin. 
3i.  5)  The  Effect  of  Shape  Imperfections 
In  Chapter  1  the  concept  of  imperfection  sensitivity  and  postbuckling 
behaviour  was  introduced  and  the  work  of  Koiter  and  its  followers 
summarised.  This  has  however  been  restricted  in  its  application  to  unimodal 52 
imperfections,  which  are  seldom  found  in  practice.  As  far  as  ring-stiffened 
cylinders  are  concerned,  the  most  relevant  imperfections  are  the  out-of- 
circularity  and  the  stiffener  tilting,  Fig.  41.  Out-of-circularity  may  considerably 
increase  the  stress  at  the  frame  flange  and  precipitate  yielding  and  collapse. 
For  an  unimodal  out-of-circularity,  the  pressure  first  causing  yield  in  the 
flange  can  be  calculated  from: 
6  _- 
y+  Ed8￿  (n2  -1)p  (54)  'ý  P,  i  Rm(Pn-P) 
Similarly,  the  pressure  causing  first  yield  in  the  shell  plating  can  be  calculated 
from: 
P  RmL.  -6Yf 
Gyp  = 
Pyf 
+ 
Ed,  5  (n2  -1)p  (55)  'ý  L,  t  Rm  (p￿  -  P) 
An  imperfection  of  general  shape  can  be  decomposed  in  a  combination  of 
buckling  modes,  with  the  corresponding  amplitudes  obtained  by  a  Fourier 
analysis,  and  the  above  equations  can  be  generalised  as: 
pcyyf  EdS  (n2  --1)p 
'f  Pyf 
+ 
71 
2  Rm  (Pr  -  P) 
(56) 
p  RE,  L  Rf  A 
Q= 
py'  R` 
+ 
Ed18  (n2  -1)p  (57) 
L,  t  2  Rm  (p1  -  p) 
For  tee  frames,  it  is  usually  sufficient  to  consider  the  first  six  values  of  n. 
Kendrick  proposed  a  simplified  method  to  calculate  frame  collapse  due  to 
out-of-circularity  which  compared  well  with  more  accurate  incremental 
methods  [23].  Results  of  such  a  theory  showed  that  the  overall  collapse 
pressure  can  be  close  to  the  pressure  first  causing  yield  in  the  flange  or 
considerably  more  than  this  value  [23].  For  very  small  imperfections,  yielding 
*  the  'hungry  horse'  deformation:  '"""  ""-  "--ý 
is  also  important  and  may  reduce  the  interframe  shell  collapse  pressure  by  up  to  10% 53 
occurs  first  in  the  shell  plating  so  that  collapse  actually  tends  to  occur  at  a 
pressure  smaller  than  that  causing  first  yield  of  the  flange.  Tsang  and  Harding 
[127]  proposed  a  rigid-plastic  mechanism  approach  to  General  Instability,  but 
applicable  only  for  n>5. 
As  far  as  tilting  is  concerned,  the  bending  stresses  for  the  geometry  of 
Frame  5  of  Fig.  42,  caused  by  an  initial  angle  of  tilt  of  about  50  (bigger  than 
usually  found  in  practice)  are  shown  in  Table  17,  from  Ref.  [18].  For  a  tilt  of 
one  web  thickness  (2.5°)  the  maximum  stress  is  quoted  in  [18]  to  be  51400  psi, 
not  more  than  25%  larger  than  in  a  perfect  cylinder.  Louca  and  Harding  [141] 
very  recently  carried  out  parametric  numerical  investigations  in  which  the 
effect  of  tilt  on  the  stiffener  collapse  pressure  did  not  seem  to  be  relevant, 
even  for  slender  rings.  To  calculate  collapse  loads  taking  shape  imperfections 
into  account,  3-D  models  and  a  program  such  as  ABAQUS  [35]  is  necessary. 
3.1.6)  Residual  Stresses 
Residual  stresses  will  be  present  in  a  real  structure,  basically  due  to  forming 
and  welding  of  the  shell  plating  and  stiffeners.  Faulkner  [61]  gives  a  review 
on  the  subject,  that  can  be  summarised  as  follows: 
Forming  Actions 
Cold  bending  of  the  shell  plating:  when  a  plate  is  rolled  to  a  radius  R,  the 
residual  stress  distribution  can  be  easily  calculated  if  the  material  is  assumed 
to  be  ideal  elastic-plastic  and  the  Bauschinger  effect  is  ignored  [61].  There  is  a 
characteristic  zig-zag  distribution  as  shown  in  Fig.  43  for  a  particular  structure, 
from  [18].  Fig.  44  shows  measurements  in  aluminium  cylinders  given  in  [150]. 
Lunchick  [82]  proposed  apparent  stress-strain  curves,  Fig.  45,  for  such  a 
prestressed  condition  by  averaging  effective  stresses  and  strains  at  12  stations 
through  the  thickness  of  the  shell  wall.  It  can  be  seen  that  the  greatest 
weakening  effect  of  residual  stresses  occurs  in  the  transition  elastic/  inelastic 
buckling. 54 
Cold  bending  of  the  stiffeners:  in  the  same  way,  when  the  stiffener  is  cold  bent 
to  form  a  ring  frame,  the  distribution  of  residual  stresses  again  has  a  zig-zag 
distribution  through  the  depth.  Shama  [240]  gives  a  method  for  predicting 
cold  bending  stresses  in  frames. 
Weld  shrinkage  actions 
Welding  temperatures  are  about  twelve  times  greater  than  the  range  to 
cause  yield  in  resisted  thermal  expansion  of  structural  steels.  It  is  therefore 
not  surprising  that,  despite  small  weld  cross-sections,  contraction  forces 
amounting  to  many  kiloNewtons  per  weld  arise  on  cooling.  These: 
(a)  leave  a  system  of  self-equilibrating  locked-in  stresses,  with  tensile  yield 
stress  close  to  the  weld 
(b)  distort  the  cross  section 
The  balancing  compressions  away  from  the  welds  and  the  distortions  both 
increase  the  tendency  to  buckle  and  reduce  compressive  stiffness  and 
strength.  These  compression  stresses  are  generally  much  more  serious  than 
the  distortions  in  this  respect,  and  yet  are  less  amenable  to  treatment  in  the 
form  of  fabrication  tolerances  because  they  cannot  be  easily  measured. 
Thermal  stress  relieving  is  an  expensive  remedy,  and  over-load  stress  relief  is 
not  always  possible,  nor  is  it  usually  very  effective  [62]. 
As  far  as  T  -fillet  welds  of  essentially  circular  ring  frames  to  cylindrical 
plating  are  concerned,  the  two  main  actions  associated  with  welding 
shrinkage  are: 
Along  the  weld  or  hoop  shrinkage,  which  gives  rise  to  the  well  known  region 
of  tensile  yield  extending  over  'a  width  21t  of  the  plating  and  a  depth  i1tw  of 
the  stiffener  web  adjacent  to  the  weld,  balanced  by  approximately  uniform 
compressive  residual  stresses  0rc1  distributed  over  the  remainder  of  the  cross 
section.  From  equilibrium  considerations: 
*lt  may  actually  be  no  remedy  at  all  as  it  may  reduce  the  yield  stress  of  steels  like  HY80(QIN) 55 
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Single-pass  welding  may  lead  to  values  of  71  up  to  6.  It  is  difficult  to  expect 
something  less  than  r1=3,  even  for  multi-pass  welding.  Values  of  1I=4  [72]  and 
71=3  [150]  were  used  in  numerical  studies  found  in  the  literature. 
Across-the-weld  or  axial  shrinkage.  In  ring-stiffened  cylinders,  the  distortion 
of  the  shell  plating  radially  toward  the  stiffener  induces  hoop  stresses  in  the 
shell  ßrc2  which  must  be  balanced  by  hoop  stresses  arf  of  opposite  sign  in  the 
stiffener  and  adjoining  shell  which  therefore  move  radially  in  the  opposite 
direction,  Fig.  46.  Again  from  equilibrium: 
ßrf  = 
2E8p 
(59) 
7tRm  1+ 
ALt 
ßx2  =  a,  f-  ESP  /  RA,,  SP  -  0.  lt  (60) 
and  ax  =  ßx1  +  ßK2  (61) 
The  effect  of  residual  stresses  on  the  collapse  load  of  stiffened  cylinders  has 
been  of  concern  to  many  authors.  Some  of  their  conclusions  can  be 
summarised  as: 
Cold  rolling  of  the  shell  seems  not  to  greatly  affect  Interframe  Shell 
Collapse.  This  was  verified  experimentally  [18]  by  testing  a  pair  of  models  of 
equal  dimensions,  one  of  them  stress  relieved.  It  was  verified  that  the 
stress  relieving  actually  lowered  the  yield  stress  of  the  material.  After 
allowing  for  that,  the  cold  rolling  stresses  did  not  appear  to,  change  the 
collapse  pressure  significantly.  Khaw  [241]  obtained  similar 
, 
-results  in 
parametric  studies  using  energy  methods 56 
Kendrick  [23,48]  investigated  analytically  the  effect  of  residual  stresses  on 
the  collapse  pressure  in  a  General  Instability  mode.  He  considered  a 
combination  of  cold  bending  stresses  at  the  shell  and  at  the  frame, 
unmodified  by  welding  the  two  together.  It  was  found  that,  for  a  particular 
geometry,  the  collapse  pressure  is  reduced,  due  to  such  residual  stresses,  by 
about  13%  for  0.25%aRm  o-o-c,  but  only  by  about  4%  for  1%Rm  o-o-c. 
Therefore,  the  effects  of  shape  imperfections  and  cold  bending  residual 
stresses  seemed  not  to  be  additive 
Smith  and  Kirkwood  [721  carried  out  similar  studies,  using  beam  elements 
to  model  the  frame  and  attached  plating.  Attention  was  again  focused  on 
cold  bending  effects.  The  main  conclusions  can  be  summarised  as  : 
residual  stresses  caused  by  cold  bending  of  ring  frames  may  cause 
reductions  of  up  to  about  30%  in  overall  buckling  strength.  Further 
inclusion  of  cold  bending  of  the  shell  did  not  change  the  results 
appreciably 
again,  these  residual  stresses  had  most  effect  where  initial  imperfections 
were  small  and  the  effects  of  imperfections  and  cold  bending  tended  not 
to  be  additive 
welding  residual  stresses  with  r1=4  may  cause  loss  of  strength  in  the 
frames  approaching  50%.  Further  inclusion  of  stiffener  cold  bending 
residual  stresses  did  not  change  the  results  appreciably.  Unfortunately, 
calculations  with  welding  residual  stresses  were  carried  out  only  for  a 
very  small  shape  imperfection 
cold  bending  of  the  shell  alone  caused  only  small  reduction  in  the 
overall  collapse  strength  (about  7%) 
Kirsten  and  Slankard  [102,103]  tested  two  nominally  identical  ring-stiffened 
cylinders,  one  machined  and  the  other  fabricated  by  cold  rolling  the  shell 
and  welding  flat  bar  stiffeners  to  it.  Collapse  pressures  were  540  psi  and  390 57 
psi  respectively,  indicating  a  reduction  of  28%.  Although  the  imperfection 
level  was  not  given,  this  reduction  compares  reasonably  well  with  the 
empirical  curve  of  Fig.  18 
Khaw  [241]  carried  out  parametric  studies  on  the  effect  of  welding  residual 
stresses  on  the  Interframe  Shell  Collapse  loads,  summarised  in  Table  18. 
Differently  from  cold  bending,  welding  residual  stresses  became  more 
detrimental  with  increasing  out-of-circularity.  A  maximum  reduction  in 
the  collapse  pressure  of  18%  was  found  for  r=6 
3.1.7)  Mode  Interaction 
It  is  a  natural  first  reaction  to  think  that,  if  our  knowledge  of  the  buckling 
process  was  complete  enough  to  accurately  predict  collapse  in  all  modes 
individually,  an  optimised  solution  would  be  achieved  by  designing  the 
structure  to  fail  at  the  same  given  load  in  all  of  these  modes.  This  has  been 
referred  to  in  the  literature  as  the  'naive  approach'  because  such  a-structure 
would  tend  to  collapse  prematurely  due  to  mode  interaction  effects.  For 
instance,  an  Interframe  Shell  o-o-c  may  lead  to  a  premature  yielding  of  the 
shell  that,  combined  with  an'overall  o-o-c,  would  lead  to  a  collapse  pressure 
smaller  than  the  one  achieved  if  only  one  of  these  imperfections  was  present. 
Ref.  [73]  gives  Fig.  47  as  a  classical  example  of  such  a  General 
Instability/Interframe  Shell  interaction,  showing  a  quasi  central  Interframe 
Shell  pleat  superimposed  on  an  n=2  overall  inelastic  buckling  mode.  The 
collapse  pressure  is  quoted  in  [73]  as  being  14%  lower  than  both  the  empirical 
Interframe  Shell  Collapse  pressure  and  the  overall  n=2  frame  -bending 
collapse  pressure.  Since  the  DRA  database  allows  Interframe  Shell  Collapse  to 
be  predicted  within  a  5%  margin,  such  a  larger  reduction  was  explained  in  [73) 
as  being  due  to  the  interaction  effect  between  the  two  modes  of  failure. 
Two  approximate  solutions  for  the  Interframe  Shell  Collapse  accounting 
for  mode  interaction  with  General  Instability  are  proposed  in  [731: 58 
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in  which  the  following  equation  is  used  to  recalculate  the  effective  length  of 
plating  which  bends  circumferentially  with  the  frame,  taking  shell 
destabilising  effects  into  account: 
Lz  1a2  Lý  PC 
(64) 
A  reduced  moment  of  inertia  and  modified  neutral  axis  are  then  used  to 
calculate  the  modified  bending  stress  ßb.  These  solutions  can  be  seen  to  be 
modifications  of  eq.  (35)  for  the  calculation  of  the  plate  yield  pressure 
accounting  for  the  o-o-c  of  the  frames.  Figs.  48  to  50  show  comparisons 
between  eqs.  (62,63)  and  numerical  results  from  STAGS  [73]. 
Fig.  51  shows  the  effect  of  stiffener  size  on  the  load  carrying  capacity  of 
stiffened  shells  according  to  Tsang  [122].  FE  models  considering  mode 
interaction  effects  were  used  in  the  parametric  studies  but  residual  stresses 
seemed  not  to  be  included.  Perhaps  more  important,  for  the  geometries 
considered,  axisymmetric  buckling  was  dominant  and  therefore  the  stiffener 
area  was  the  most  .  important  parameter.  In  submersible  pressure  hulls,  the 
design  of  the  stiffeners  will  be  dominated  by  buckling  in  a  periodic  General 
Instability  mode  in  which  the  frame  moment  of  inertia  is  the  important 
parameter. 
3.2)  FINITE  ELEMENT  MODELLING 
The  modelling  uncertainty  is  estimated  usually  in  view  of  experimental 
results.  But,  since  tests  are  often  costly,  sometimes  there  is  little  information 
available  for  a  particular  mode  of  failure  or  geometry  range.  Additionally, 59 
experimental  results  often  contain  uncertainties  on  boundary  conditions, 
shape  imperfections,  etc. 
FE  models,  validated  against  experimental  and  theoretical  results,  can  be 
used  to  complement  the  experimental  information  and  address  the 
mentioned  problems.  This  section  describes  the  models  used  and  show 
comparisons  with  other  experimental  and  numerical  results. 
Type  of  Analysis 
Riks  analysis:  see  2.1.2. 
Type  of  Element,  Mesh  -Size,  Boundary  Conditions  and  Load  Increments 
rC  3 
As  shown  in  Chapter  2,  S8R  elements  lead  to  a  fast,  convergence  and  that, 
for  General  Instability  modes,  the  modelling  of  the  shell  is  less  relevant  than 
the  modelling  of  the  frames.  In  the  present  studies,  the  total  number  of  nodes 
in  the  models  had  to  be  restricted  to  a  maximum  of  about  2100,  due  to 
memory  limitations.  S8R  elements  could  be  used  for  infinite  compartments, 
which  were  simulated  by  single  bay  models  with  axial  symmetry  conditions 
in  the  midbay  positions,  see  Fig.  52.  For  the  finite  compartments,  Fig.  53,  S4R 
elements  had  to  be  used  to  limit  the  number  of  nodes.  Simply  supported 
boundary  conditions  were  used  at  the  axial  extremities.  An  angle  of  n/n  was 
considered  to  model  the  imperfection  growth.  The  load  increments  were 
chosen  automatically  by  ABAQUS  [35]. 
Material  Behaviour 
The  material  non-linearity  was  handled  by  using  the  SHELL  SECTION 
option  in  ABAQUS  [35]  that  allows  for  numerical  integration  over  a  number 
of  points  across  the  thickness  of  the  shell  elements.  The  default  option  of  5 
points  was  used  as  more  points  seemed  not  to  change  the  results  appreciably. 
The  options  chosen  for  the  material  behaviour  were  those  recommended  for 
metals  at  low  temperature  (below  half  the  melting  point  temperature  on  an 60 
absolute  scale  according  to  the  ABAQUS  manual  [35])  and  low  strain  rates. 
The  material  was  considered  to  be  isotropic  before  yield  and  therefore  with  a 
von  Mises  yield  surface.  Kinematic  hardening  was  adopted,  as  it  takes  into 
account,  in  a  simplified  form,  the  Bauschinger  effect:  the  basic  concept  is  that 
the  yield  surface  shifts  in  stress  space  so  that  straining  in  one  direction 
reduces  the  yield  stress  in  the  opposite  direction.  Rate  dependency  effects  were 
ignored. 
Shape  Imperfections 
Unimodal  imperfections  were  considered  in  order  to  use  symmetry  in  the 
axial  and  circumferential  directions.  For  the  comparisons  with  experimental 
results,  an  equivalent  unimodal  imperfection  in  the  critical  overall  buckling 
mode  (with  minimum  pn)  was  used.  The  amplitude  was  chosen  so  that  the 
frame  yield  pressure  with  the  equivalent  imperfection,  calculated  with  eq.  (54) 
would  be  the  same  as  the  frame  yield  pressure  calculated  with  eq.  (56) 
considering  the  measured  imperfections. 
Residual  Stresses 
Shell  cold  bending  residual  stresses  were  modelled  by  the  Lunchick's 
effective  stress  x  strain  material  curve  of  Fig.  45.  The  modelling  of  welding 
residual  stresses  is  a  more  difficult  task,  though.  These  can  be  modelled  as  an 
initial  stress  field,  but  the  residual  stresses  given  by  eqs.  (58)-(61)  tend  to 
deform  the  structure  even  without  external  load.  This  effect  could  be 
minimised  in  ABAQUS  [35]  by  using  an  initial  step  without  external  load  and 
with  constrained  displacements,  although  some  unbalanced  component  is 
probably  carried  to  the  subsequent  loading  steps.  An  alternative  simple 
modelling  that  was  used  to  cross-check  results  consisted  in  altering  the 
material  curve  on  the  initially  tensile  and  compressive  regions  in  the  models, 
Fig.  54. 61 
Comparison  with  other  Results 
The  FE  models  were  verified  in  view  of  the  following  results: 
two  experimental  results  given  by  Bosman  et  al.  [149]  corresponding  to 
machined  aluminium  6061-T6  cylinders  with  rather  stocky  external  flat  bar 
frames,  Fig.  55.  An  n=3  General  Instability  o-o-c  was  induced  mechanically 
on  them  by  a  heavy  circular  frame  with  three  screws  spaced  at  120  degrees. 
This  device  applied  the  imperfection  in  three  ring  frames  at  a  time.  The  o- 
o-c  amplitudes  in  the  various  modes  as  well  as  numerical  results  with 
ADINA  are  reported.  The  residual  stresses  are  not  reported 
two  experimental  results  given  by  Morihana  et  al.  [142]  corresponding  to 
welded  cylinders  reinforced  by  external  flat  bar  frames,  Fig.  56.  The  main 
components  of  the  o-o-c  are  given  as  well  as  results  from  the  author's  FE 
code.  The  residual  stresses  are  not  reported 
theoretical  results  of  Kendrick  (geometry  A,  Table  9  of  [23]),  considering  a 
0.25%Rm  and  a  0.5%Rm  unimodal  o-o-c  in  an  n=2  General  Instability  mode 
numerical  results  of  Esslinger  and  Geier  [140)  considering  an  initial 
imperfection  in  the  form  of  a  critical  buckling  mode.  Geometry  D92  was 
chosen  because  its  critical  buckling.  mode  was  of  an  interactive  Tripping- 
Interframe  Shell  form,  Fig.  57 
numerical  results  of  Smith  and  Kirkwood  [72]  considering  a  range  of  shape 
imperfections  and  residual  stress  distributions,  Fig.  58 
A  summary  is  given  in  Tables  19  to  21.  Both  the  numerical  and 
experimental  results  given  by  Bosman  et  al.  [149]  and  Morihana  et  al.  [142] 
were  approximated  reasonably  well,  despite  the  unknown  level  of  residual 
stresses  and  the  need  to  reduce  the  imperfections  to  an  equivalent  unimodal 
one.  The  results  of  Kendrick  [23]  and  Esslinger  and  Geier  [140]  were 
approximated  quite  well. 62 
Table  20  compares  ABAQUS  [35]  results  with  results  of  Smith  and 
Kirkwood  [72],  without  considering  residual  stresses.  The  agreement  is  good, 
in  general,  but  the  collapse  pressures  calculated  with  ABAQUS  [35]  are 
somewhat  limited  by  Pc5,  the  shell  membrane  yielding  pressure.  The  beam 
model  of  [72]  is  not  sensitive  to  such  an  effect  and  therefore,  for  the  smaller 
imperfections,  ABAQUS  [35]  results  were  in  general  below  those  given  in  [72]. 
Table  21  gives  the  same  comparison  including  residual  stresses  and 
agreement  was  again  good,  in  general,  except  for  Calculation  17.  The  same 
Table  21  also  gives  some  new  calculations  with  residual  stresses  and  larger 
imperfections  and  reductions  of  21%-35%,  attributable  to  residual  stresses, 
were  found. 
Overall,  ABAQUS  [35]  results  tended  to  agree  reasonably  well  (within  a 
15%  margin)  with  those  different  theoretical,  experimental  and  numerical 
results. 
_33) 
MODELLING  UNCERTAINTY 
3.3.1)  Interframe  Shell  Collapse 
The  bias  and  cov  of  the  modelling  uncertainty  factor  Xmic  for  Interframe 
Shell  Collapse,  using  the  mean  curve  for  collapse  prediction  (given  in  detail 
in  Table  22),  were  calculated-  in  the  pilot  study  [26],  based  on  the  700 
experimental  results  of  Fig.  16.  They  are  shown  for  various  ranges  of  pm/pc5 
in  Fig.  16  itself. 
3.3.2)  General  Instability 
Experimental  Results 
Figs.  59  and  60  show  the  modelling  uncertainty  factor  Xa,  fy 
based  on  results 
from  35  fabricated  models,  failing  by  General  Instability.  These  correspond  to 
references  [124,126,139,142,143,147-149]  and  are  detailed  in  Appendix  3.  Eq.  (56) 
was  used  for  collapse  prediction.  Only  [142,149],  which  were  also  used  for 63 
comparison  with  F.  E.  results  (see  3.2),  gave  somewhat  detailed  information 
on  the  o-o-c.  The  others  gave  only  information  on  the  maximum  deviation 
from  the  mean  radius,  which  was  used  in  eq.  (56)  as  the  amplitude  of  an 
unimodal  o-o-c.  Even  without  such  detailed  information  in  many  cases,  Figs. 
59  and  60  show  that  the  wide  scattering  normally  associated with  this  failure 
mode  depends  on  py/pc5  and  therefore  on  the  frame  o-o-c. 
Appendix  4  illustrates  such  a  collapse  behaviour:  in  a  very  imperfect 
model,  frame  yielding  may  occur  prematurely,  when  the  shell  plating  is 
under  relatively  small  stresses.  Such  a  yielding  may  then  spread  considerably 
before  final  collapse.  In  a  slightly  imperfect  model,  yielding  in  the  frames  may 
coincide  or  even  be  preceded  by  membrane  yielding  in  the  shell.  Collapse  may 
occur  with  little  or  even  no  yielding  in  the  frames.  One  of  the  models  in  Figs. 
59  and  60  had  actually  Pc5  <  py  (  which  is  unusual)  and  Xmfy  <  1.0. 
Using  eq.  (56)  for  collapse  prediction,  the  statistical  properties  of  the 
modelling  uncertainty  would  be: 
all  models:  bias  =  2.48,  cov  =  62% 
models  with  0.3  5e/RS1  only:  bias  =  1.80,  cov  =16.7% 
An  accurate  definition  of  the  modelling  uncertainty  requires  models 
fabricated  with  an  o-o-c  similar  to  that  recommended  by  the  codes,  0.5%Rm. 
Also  the  fabrication  process  must  be  similar  to  that  used  in  real  structures. 
Therefore  just  the  4  models  indicated  in  Fig.  60  would  be  useful  for  this 
purpose.  But  these  models  had  ring  stiffeners  with  flat  bar  sections  which 
tend  to  have  a  higher  shape  factor  than  tee  sections.  Therefore  parametric 
studies  with  FE  models  were  used  to  complement  the  experimental 
information. 
Results  of  the  Finite  Element  Models 
Ten  geometries  were  considered,  Table  6:  seven  representative  of  current 
designs,  collected  from  the  literature,  and  three  with  improved  materials  and 64 
slender  frames,  taken  from  optimisation  studies  [12].  Table  23  gives  the 
collapse  pressures  obtained  for  the  seven,  geometries  considering  finite 
compartments  (with  S4R  elements),  for  a  residual  stresses  free  condition  and 
for  shell  cold  rolling  residual  stresses  only.  For  the  smaller  imperfections,  pc5 
tended  to  be  smaller  than  py  and  the  results  were  therefore  heavily 
influenced  by  shell  membrane  yielding.  For  an  o-o-c  of  0.5%Rm,  the  shell  cold 
rolling  residual  stresses  seemed  to  have  only  a  small  influence,  in  agreement 
with  the  previous  results  surveyed  in  3.1.6. 
Table  24  shows  results  for  the  ten  geometries,  considering  the  same  finite 
compartments  (with  S4R  elements)  as  well  as  infinite  compartments  (with 
S8R  elements).  A  constant  value  of  the  o-o-c  of  0.5%Ra,  was  considered  in  the 
worst  possible  General  Instability  mode.  Fig.  61  shows  the  results  obtained 
when  residual  stresses  are  ignored  and  the  variability  of  the  modelling 
uncertainty  factor  was  found  to  be  relatively  small: 
using  eq.  (56),  bias  =  1.09,  cov  =  7% 
Fig.  62  shows  results  for  the  seven  geometries,  when  welding  residual 
stresses  are  considered  in  the  FE  models  and  the  collapse  pressure  is  predicted 
with  eq.  (56).  The  residual  stresses  in  the  FE  models  were  according  to  eqs.  (58- 
61),  with  Ti  =4  and  B.  =  0.1t.  Eqs.  (58-61)  originate  from  similar  expressions, 
well  accepted  for  flat  plates.  There  is  far  more  uncertainty  over  their 
applicability  to  frames,  though.  In  the  present  study,  the  total  residual  stress  at 
the  frame  was  taken  as  the  compressive  Qrcl,  eq.  (58)  (due  to  longitudinal 
shrinkage)  added  to  the  tensile  arf,  eq.  (59)  (due  to  transverse  shrinkage).  Such 
a  composition  is  rather  similar  to  that  of  eq.  (61),  used  for  the  shell  plating.  It 
may  give  compressive  residual  stresses  at  the  frame,  which  can  be  large  for 
closely  spaced  frames.  Results  from  the  only  measurement  known  to  the 
author  [63]  contradict  it,  since  tensile  residual  stresses  were  found  at  the 
flange. 
Such  a  modelling  is  thought  to  lead  to  results  which  are  conservative  but 
more  accurate  than  those  of  previous  similar  numerical  investigations 65 
[72,242]  which  did  not  even  considered  arf.  For  closely  spaced  frames,  such  as 
in  Cases  1  and  2,  the  compressive  residual  stresses  are  quite  large,  while  for 
more  widely  spaced  frames,  they  are  relatively  small.  It  is  not  surprising  that, 
when  using  eq.  (56)  for  collapse  prediction,  quite  a  large  variability  is  found: 
bias  =  0.823,  cov  =  20% 
The  flange  yield  pressure,  however,  remains  a  good  estimator  for  the 
collapse  pressure  if  the  absolute  stress  at  the  flange  is  considered  instead  of  the 
incremental  stress.  Fig.  63  shows  results  when  the  collapse  pressure  is 
estimated  by  altering  eq.  (56)  to: 
a= 
Pcryf 
+ 
Ed6￿(n2  -1)p  +a  (65) 
Yr  P  Rm  (pn  -  p) 
The  resulting  variability  is  again  small: 
bias  =  1.006,  cov  =  7.5% 
Another  reason  to  consider  the  FE  results  as  being  conservative  is  the  fact 
that  the  residual  stresses  were  always  bigger  in  the  shell  plating  than  in  the 
frames.  As  a  consequence,  the  results  of  the  FE  models  including  residual 
stresses  showed  some  influence  of  premature  yield  at  the  shell  midbay  which 
tended  to  lower  the  collapse  pressure. 
It  is  suggested,  for  further  reliability  analyses  of  internally  tee  framed 
vessels  with  frame  yielding  predicted  by  eq.  (56),  to  use,  for  the  statistical 
properties  of  the  model  uncertainty,  bias  =  1.1  (similar  to  Fig.  61  and  smaller 
than  that  found  from  the  experimental  results)  and  a  cov  =  10%  (higher  than 
that  suggested  by  Fig.  61  to  account  for  residual  stresses).  Such  a  value  for  the 
bias  is  probably  conservative,  since  eq.  (56)  assumes  the  amplitudes  of  all 
modes  'in  phase'  at  the  same  section  of  the  frame,  while  in  practice  they  tend 
to  be  phased  out.  The  FE  had  to  use  unimodal  imperfections,  due  to  memory 
limitation,  and  did  not  reflect  this  particular  factor. 66 
3.3.3)  Frame  Tripping 
Prediction  of  Frame  Tripping  is  a  much  more  difficult  task:  present 
solutions  are  not  accurate  even  in  the  elastic  range  and  there  is  virtually  no 
relevant  experimental  information  available.  As  mentioned  in  Chapter  2,  a 
closed  form  solution  is  proposed  for  predicting  Tripping  in  the  elastic  range, 
Appendix  2.  For  inelastic  Tripping,  Faulkner  [25]  proposed  a  modified 
Tangent  Modulus  approach  in  which  fabrication  effects  of  welding  or  cold 
bending  of  the  frames  are  approximately  allowed  for.  For  shorter  wave 
lengths,  EtE  is  considered  to  govern  collapse,  mainly  because  secondary 
local  bending  effects  and  hence  uneven  compression  stress  distributions  are 
more  marked  with  Tripping  than  with  columns.  For  longer  wave  lengths  the 
Tangent  Modulus  is  used.  This  can  be  summarised  as  follows: 
ßh  =a,  [1-p,  (1-p1)X2]  if  nS  nRm/3(dw+tf)  and  XS  Ps-oS 
6tj=  Qyf[l+p,  (1-p,  )ß,  ')'1  if  n>  nRm/3(dw+tf)  and  X5  Ps-0S  (66) 
Qh  =  ßt  if  X>  ps-0.5 
where  X=  VcY,  /  ßt 
ps  =  0.8  is  recommended  if  the  ring  frame  webs  and  flanges  are  fabricated  to 
the  required  radius  or  if  they  are  stress  relieved  after  cold  bending  to  the 
required  radius;  ps  =  0.5  is  recommended  if  the  rings  are  cold  bent  to  the 
required  radius. 
Table  25  shows  results  from  the  FE  models  (with  S8R  elements)  in  which 
different  initial  tilting  angles  were  considered.  Two  variations  of  Case  4  were 
considered  with  narrower  flanges  and  even  in  these  cases,  the  initial  tilt  did 
not  affect  the  collapse  appreciably.  The  main  reason  for  such  a  small  influence 
is  that,  perhaps  because  the  present  Tripping  design  criteria  are 
overconservative,  even  the  critical  pa  is  still  greater  than  pc5.  Therefore,  the 67 
FE  models  tend  to  show  a  collapse  mode  that  is  mostly  associated  with  shell 
membrane  yielding,  at  a  pressure  between  pis  and  pti,  even  if  the  shell  is 
perfectly  circular  and  the  frame  has  an  initial  tilt.  This  is  a  situation  similar  to 
that  experienced  previously  in  the  General  Instability  modes,  for  small 
imperfections.  It  follows  that  the  present  results  suggest  that  a  40  initial  tilt 
angle  is  considerably  less  harmful  than  a  0.5%Rm  o-o-c;  this  can  also  be 
verified  by  comparing  results  of  Table  25  with  those  of  Table  23. 
For  Cases  1-7,  the  maximum  reduction  attributed  to  a  40  tilt,  in  relation  to 
the  predictions  of  eq.  (66)  with  ps  =  0.8,  was  8%  for  Case  7.  Such  a  smaller 
sensitivity  to  shape  imperfections  favours  a  Tangent  modulus  approach  as 
used  in  eq.  (66). 
Table  25  also  gives  results  for  two  Titanium  hulls  obtained  from  previous 
optimisation  studies  [12],  chosen  for  having  pc5  <  Pti"  In  this  case  a  more 
harmful  effect  of  the  initial  tilt  is  observed.  Care  must  be  taken  when  using 
such  improved  materials:  slender  frames  may  be  obtained,  which  fulfil  the 
present  deterministic  design  criteria,  but  are  more  sensitive  to  initial  tilting. 
Other  numerical  results  appeared  in  the  literature  at  the  same  time  as  the 
present  study  was  been  carried  out:  Louca  and  Harding  [141]  used  LUSAS  and 
found  initial  tilting  also  not  to  be  very  influential  on  the  collapse  pressure, 
for  geometries  typical  of  offshore  platforms,  even  for  slender  frames. 
When  introducing  residual  stresses  in  the  FE  models,  the  fact  that  those 
are  usually  greater  in  the  shell  plating  than  in  the  frames,  according  to  eqs. 
(58-61),  led  to  the  shell  membrane  yielding  being  even  more  dominant  over 
any  premature  yielding  at  the  frame  due  to  the  initial  tilt.  Therefore  it  was 
not  possible  to  find  results  in  which  Tripping  had  clearly  had  any  relevant 
influence. 
Given  the  relatively  small  influence  of  an  initial  tilting  angle  on  the 
collapse  pressure,  the  Tangent  Modulus  approach  of  eq.  (66)  is  believed  to 
work  reasonably  well  to  predict  mean  values.  It  could  be  used  in  further 68 
reliability  studies  in  connection  with  a  modelling  uncertainty  factor  with  bias 
1.0  and  a  conservative  value  for  the  cov.  A  value  of  15%,  similar  to  that 
usually  assumed  as  a  peak  for  columns  under  compression  is  suggested. 
3.3.4)  Summary  of  Proposed  Values 
The  following  statistical  properties  are  recommended  for  the  modelling 
uncertainty  factors  associated  with  the  collapse  modes  treated  in  this  Chapter, 
for  internally  tee  stiffened  cylinders,  to  be  used  in  further  reliability  analyses: 
Xm.  Interframe  Shell  Collapse:  predicted  with  the  mean  curve  of  Fig.  16 
(Table  22).  Bias  and  cov:  Fig.  16. 
Xm  fy 
Frame  Yielding  (General  Instability):  predicted  with  eq.  (56).  Bias=1.1 
and  cov  =10% 
Xmpy  Plate  Yielding  (Approximately  allowing  for  the  interaction  between 
General  Instability  and  Interframe  Shell  Collapse):  predicted  with  eq.  (57). 
Bias=1.0  and  cov  =13% 
Xn  t  Frame  Tripping:  predicted  with  eq.  (66).  Bias=1.0  and  cov=15% 69 
Chapter  4-  ASPECTS  OF  CODE  DEVELOPMENT 
4.1)  BRIEF  INTRODUCTION  TO  STRUCTURAL  RELIABILITY 
Structural  Reliability  theory  is  concerned  with  the  rational,  probabilistic 
treatment  of  uncertainties  in  structural  engineering  and  with  the  methods  for 
assessing  the  safety  and  serviceability  of  structures.  It  is  a  subject  which  has 
grown  rapidly  in  recent  years  and  has  evolved  from  being  a  topic  for  academic 
research  to  a  set  of  well-developed  or  developing  methodologies  with  a  wide 
range  of  practical  applications  [175,176].  The  recent  ICOSSAR'93  (Intl.  Conf. 
Structural  Safety  and  Reliability),  for  instance,  had  numerous  papers  in  which 
a  probabilistic  approach  was  used  in  different  areas  such  as  buckling, 
vibrations,  earthquake,  human  error,  offshore  structures,  materials,  wind  and 
geotechnical  engineering. 
The  simplest  code  format  for  any  design  check  can  be  expressed  as  follows: 
Rý: 
Q 
f 
(67) 
Q  and  R  are  the  load  and  the,  resistance,  respectively.  The  deterministic 
approach  to  design  has  been  to  impose  that  the  structure  has  a  certain  safety 
margin  (expressed  by  the  scalar  safety  factor  f)  against  a  given  set  of  pessimistic 
combinations  of  such  parameters,  however  likely  (or  unlikely)  such 
combinations  may  be.  The  safety  factor  f  is  supposed  to  'sufficiently'  separate 
Q  from  R  in  order  to  cover  the  uncertainties  involved  in  their  calculation.  It 
is  often  a  constant,  as  in  the  case  of  tension  members,  or  may  vary  with  a 
particular  parameter  as,  for  example,  in  column  design  where  sensitivity  to 
eccentricities,  initial  imperfections  and  variations  in  support  conditions  has 
led  to  safety  factors  which  vary  with  the  slenderness  ratio. 
'Sufficient'  safety  factors  have  seldom  been,  derived,  from  an  understanding 
of  all  the  uncertainties  that  affect  the  loading  and  the  resistance,  but  rather  by 70 
codifying  practice  that  was  known  by  experience  to  be  satisfactory.  This  is  the 
basis  of  most  present  day  codes  of  practice  for  structures,  which  are 
deterministic  in  nature. 
In  structural  reliability,  it  is  recognised  that  the  major  parameters  affecting 
the  response  of  a  given  structure,  such  as  load,  material  properties,  shape 
imperfections,  etc.,  have  an  essentially  random  nature.  In  its  general  sense, 
Structural  Reliability  is  the  ability  of  the  structure  to  fulfil  its  design  purpose 
for  some  specified  time.  In  a  more  narrow,  mathematical  sense,  it  is  the 
probability  that  a  structure  will  not  attain  each  specified  limit  state  (ultimate 
or  serviceability)  during  a  reference  period. 
Ideally,  a  design-for-reliability  approach  would  consist  in  designing  the 
structure  to  a  certain  maximum  value  of  the  failure  probability  pf=  p(R-Q<O), 
where  R  and  Q  are  now  random  variables  representing  the  resistance  and  the 
loading  respectively,  Fig.  64.  Such  an  approach  would  have  several 
advantages,  as  far  as  decision  making  is  concerned: 
as  opposed  to  a  safety  factor,  cost  or  some  other  measure  of  the 
consequences  of  failure  can  be  assigned  to  the  failure  probability 
a  failure  probability  can  be  understood  by  people  other  than  structural 
designers.  This  may  allow  a  better  integration  with  other  members  of  a 
design  team.  More  important,  it  does  give  a  framework  in  which  risk 
levels  may  be  adequately  understood  and  perhaps  established  by  society 
cross  check  between  risk  levels  of  different  types  of  structures  may  be 
facilitated 
new  information  on  R  and  Q  may  be  readily  translated  into  weight  savings, 
which  has  the  desirable  effect  of  reducing  costs 
design  procedures  may  be  obtained  which  can  be  applied  with  more 
confidence  to  new  forms  of  design  and  construction 71 
Reliability  based  methods  were  initially  criticised  for  being  cumbersome; 
furthermore,  few  data  were  available,  certainly  not  enough  to  define  the 
important  'tails'  of  the  distributions  of  R  and  Q.  The  mentioned  advantages 
seemed  difficult  to  materialise,  as  they  require  the  failure  probabilities 
calculated  to  be  as  close  to  reality  as  possible.  According  to  Madsen  et.  al.  [176]: 
'it  seemed  difficult  to  justify  replacing  a  design  "rationale"  that  is  irrational  but  works,  with 
another  one,  more  complicated  but  also  irrational'. 
Since  the  mid-70's,  however,  -  theoretical  developments,  new  data  and  a 
drive  to  achieve  safety  with  minimised  cost  helped  Structural  Reliability  to 
become  quite  popular  in  the  design  of  civil  and  marine  structures, 
particularly  in  the  offshore  industry  where  structural  failure  may  lead  to  the 
loss  of  human  lives,  serious  environmental  hazards  and  often  huge  costs. 
Safety  is  very  important,  but  has  to  be  achieved  with  acceptably  low  cost  and 
weight. 
The  essence  of  applying  reliability  analysis  to  structural  safety,  in  its  present 
form,  is  twofold: 
(a)  to  reduce  the  element  of  judgement  by  introducing  a  formal 
consideration  of  the  nature  of  the  main  uncertainties 
(b)  then  to  formally  calculate  a  suitable  combination  of  partial  safety  factors 
for  a  chosen  target  notional  probability  of  failure  and  design  code  format 
The  design-for-reliability  approach  may  not  yet  be  at  hand;  the  failure 
probabilities  presently  obtained  have  a  notional  value  (as  with  any  other 
engineering  parameter).  But  the  partial'  safety  factors  derived  from  this 
probabilistic  approach  are  considered  to  provide  better  measures  of 
uncertainty  than  the  deterministic  safety  factors. 
The  deterministic  codes  are  slowly  being  superseded  by  semi-probabilistic 
codes  of  the  Level  I  type  (or  LRFD  -  Load-and  Resistance  Factor  Design)  which 
introduce  separate  partial  factors  for  load  and  resistance  variables,  [40,46,171- 72 
174].  These  cover  a  wider  range  of  structural  elements,  load  combinations  and 
failure  modes  and  incorporate  the  results  of  much  experimental  and 
theoretical  research  [175].  Their  use  is  expected  to  have  a  number  of  potential 
benefits: 
the  same  or  more  consistent  levels  of  safety  can  be  obtained  with  reduced 
costs 
the  different  uncertainties  involved  in  design  and  their  influence  in  the 
safety  margins  are  more  clearly  recognised 
more  information  is  taken  into  account.  A  mean  curve  from  experimental 
results,  for  instance,  considers  all  the  available  information,  while  a  lower 
bound,  typical  of  deterministic  design,  may  ignore  most  of  it 
42)  STATISTICAL  PROPERTIES  OF  THE  BASIC  VARIABLES 
The  basic  variables  and  their  statistical  properties  are  shown  in  Table  26. 
They  can  be  grouped  as  follows: 
Loadin  :  the  design  pressure,  considered  as  deterministic 
Dimensions  :  Fig.  40:  R,  t,  LS,  dW,  tN￿  bf,  tf,  Lc.  The  assumption  of  normal 
distribution  is  the  usual  practice  in  reliability  assessment 
Material  Properties  :  ßyp,  ayf,  E.  The  values  on  the  table  for  the  cov  of  the 
yield  stresses  correspond  to  results  from  219  two-test  sets  of  0.2%  proof  stress 
values  for  Q1N  hull  plating  and  448  0.2%  proof  stress  results  from  Q1N  frame 
material  tests,  all  of  them  provided  by  the  MoD  and  meeting  their  acceptance 
criteria  [26].  The  log-normal  distribution  for  the  yield  stresses  and  the 
properties  for  the  Young's  modulus  E  is  the  usual  practice  in  reliability 
assessment.  The  Poisson's  ratio  was  assumed  to  be  deterministic  at  0.3. 73 
Shape  Imperfections  :  the  MoD  empirically  derived  equation  was  used  for  the 
frame  out-of-circularity: 
8(n)  = 
n2  bi  (68) 
where,  with  a  and  b  in  mm  and  R  in  m,  the  following  mode  independent 
constants  are  given: 
ä=3.51R,.  ak  =8.38R 
b  =1.20R  , 
bk  =  3.31R  (69) 
the  bar  denotes  mean  values  and  subscripts  k  denote  the  upper  three  standard 
deviation  values.  The  above  equation  usually  leads  to  quite  large  values  for 
the  cov,  in  the  order  of  50%.  The  shape  imperfections  were  assumed  as 
normally  distributed.  Eq.  (68)  may  reflect  the  RN  practice  of  giving  the 
shipbuilder  only  half  of  the  tolerance  used  in  design  to  work  with.  In  cases 
when  eq.  (68)  may  not  be  relevant,  the  usual  unimodal  o-o-c  can  be  assumed, 
distributed  in  the  worst  possible  mode,  with  a  mean  amplitude  of  0.5%  of  the 
radius.  If  such  a  conservative  modelling  is  used,  a  somewhat  smaller  cov,  of 
20%  say,  can  be  assumed. 
Modelling  Parameters:  see  2.1.6  and  3.3.4  for  bias  and  cov.  All  modelling 
parameters  were  assumed  as  normally  distributed  as  usual  in  reliability 
assessment.  For  General  Instability,  the  effect  of  end  restraint  was  ignored  as  it 
had  negligible  effect  on  the  failure  probabilities. 
4.3)  RELIABILITY  METHODS 
The  different  methods  for  safety  checking  (Reliability  Methods)  are  broadly 
grouped  as  follows  [1751: 74 
Level  I  Methods 
Design  methods  in  which  appropriate  levels  of  structural  safety  are 
provided  by  the  use  of  partial  safety  factors,  related  to  the  nominal  values  of 
the  main  structural  and  loading  variables: 
ire  Pz 
[rf  Q,  ]  ' 
(70) 
where  Pc  and  Qi  are  the  design  values  of  the  structural  strength  and  of  the 
load  effects,  respectively.  The  partial  safety  factors  (PSF)  as  identified  in  this 
equation  include: 
(i)  Strength  reduction  factor  `P 
(ii)  Material  PSF  y., 
(iii)  Load  factors  y, 
(iv)  Consequence  factor  yc 
(v)  Modelling  PSF  y. 
Level  I  design  methods  are  particularly  attractive  for  codes  of  practice.  By 
properly  choosing  the  PSF,  it  is  possible  to  obtain  structures  with  a  failure 
probability  reasonably  close  to  a  given  target,  without  departing  radically  from 
the  traditional  safety  factor  approach  which  most  of  the  structural  designers 
are  used  to. 
Level  II  Methods 
Approximate  methods  in  which  the  probability  of  failure  is  evaluated  from 
the  means  and  standard,  deviations  of  the  design  variables.  An  idealization  of 
the  failure  region  as  well  as  a  simplified  representation  of  the  joint  probability 
density  function  of  R  and  Q  are  normally  required. 
For  the  one  dimensional  case,  the  safety  margin  can  be  simply  expressed  by 
Z=R-Q,  Fig.  64.  If  both°R  and  Q  are  normally  distributed  with  mean  Rm  and 75 
Qin  respectively  and  standard  deviation  sr,  sq  respectively,  the  probability  of 
failure  pf,  can  be  calculated  as  [177]: 
Pf  -  (D  (-ß)  (71) 
where  i  is  the  standard  normal  distribution  and  ß  is  the  safety  index,  defined 
as  [177]: 
µR-µQ 
SR  +SQ 
(72) 
This  can  be  generalised  to  a  multi  variate  problem  by  using  the  Advanced 
First  Order  Second  Moment  Method  (AFOSM)  [178,179),  in  the  following  way: 
If  x1,  x2,  ...,  xn  are  the  n  independent  basic  variables  involved  in  a  structural 
design  problem,  a  general  expression  for  any  limit  state  equation  for  the 
structure  is: 
Z=g(xl,  x2,...,  xn)>0  (73) 
where  the  nature  "of  g  depends  on  the  structural  type  and  limit  state  under 
consideration.  A  failure  surface  may  be  defined  as  Z=O  and  a  linear 
approximation  to  this  can  be  found  by  using  the  Taylor  series  expansion: 
Z=gx;  )gi(x')  (74) 
where  gi(x')  = 
äg 
is  evaluated  at  the  design  point  x'  =  (x;,  x;,...,  x;,  )  which  is 
i 
the  point  of  maximum  probability  of  failure  density  when  all  the  variables 
are  normally  distributed.  If  the  variables  are  transformed  to  a  standard 
normalised  space  ui  =x,  the  design  point  is  the  point  in  the  failure 
cri 
surface  closest  to  the  origin,  Fig.  65.  The  safety  index  ß  is  now  defined  as 
Zm/sz  (Z,,  sZ  are  the  mean  and  standard  deviation  of  the  safety  margin  Z)  and 76 
ý« 
obtained  from: 
_ 
- 
`µj  _  Xi  Jgl  lX  J 
(75) 
n 
ýc(ziV)aý 
from  which  it  follows  : 
X1  =  µl  -  a;  ßa,  (76) 
where  ai  are  the  sensitivity  factors  reflecting  the  relative  influence  each  of  the 
design  variables  has  on  the  strength  model: 
gtjxý)at 
It{g(x'  )aj}2] 
(77) 
In  the  standard  normalised  space,  the  sensitivity  factors  give  the  direction 
cosines  of  the  vector  defined  by  the  origin  and  the  design  point.  For  given 
values  of  pi  and  ßi  and  an  initial  value  of  ß,  an  iterative  procedure  can  be 
used  to  solve  eqs.  (75-77).  The  failure  probability  is  given  by  eq.  (71)  using  the 
final  ß  obtained.  If  any  of  the  design  variables  have  non-normal  distribution, 
the  following  transformation  is  adopted: 
µN  =  Xi  -  (D 
{F(x,  *  )lCyN 
1 
(78) 
ßN  =fN 
[0-'IF(x,  )11 
(79)  1  f(X*) 
where  µ;  '  a'N  are  the  mean  and  standard  deviation  of  the  equivalent  normal 
distribution,  F(x)  is  the  cumulative  distribution  function  of  xi,  f(x)  is  the 
probability  density  function  of  xi,  and  fN(x)  is  the  normal  probability  density 
function  which  has  the  effect  of  equating  the  cumulative  probabilities  and  the 
probability  densities  of  the  actual  and  approximating  normal  distributions  at 
the  design  point  x,  *. 77 
AFOSM  gives  partial  safety  factors  for  each  variable  as  the  ratio  between  its 
value  at  the  design  point  and  its  mean  value: 
1  'Xi  -A  -a_  'It 
µr  µý 
(80) 
By  applying  the  appropriate  PSF  to  each  of  the  variables,  it  would  be 
possible,  in  principle,  to  obtain  structures  exactly  with  the  same  reliability. 
The  PSF,  however,  would  have  one  value  for  each  variable  in  each  different 
structure  in  each  different  load  case,  making  it  impossible  to  codify  them. 
These  are  usually  grouped  in  Level  I  design  codes,  forming  a  code  format  (as 
in  eq.  70)  which  may  consist  of  several  equations  and  will  lead  to  designs  with 
approximately  (but  not  exactly)  the  same  reliability. 
AFOSM  assumes  the  failure  surface  as  being  linear,  that  is,  a  hyperplane  in 
the  standard  normalised  space.  It  may  lose  accuracy  in  the  case  of  highly 
curved  failure  surfaces.  In  order  to  remedy  this  problem,  the  linear  expansion 
can  be  substituted  by  a  quadratic  expansion:  the  failure  surface  is 
approximated  by  a  quadratic  curve  at  the  design  point  instead  of  by  a 
hyperplane.  This  is  the  basis  of  the  Second  Order  Reliability  Methods  (SORM) 
[180-184].  If,  for  instance,  a  hyperparaboloid  is  fitted  at  the  design  point  [180], 
the  failure  probability  can  be  approximated  by  [185): 
n_1  -In 
c-a)ncý-  ax,  )  Pi 
(81) 
where  ici  are  the  n-1  curvatures  of  the  failure  surface  which  are  assumed  as 
the  curvatures  of  the  paraboloid  fitted  [180].  This  approximation  is  valid  for 
ßx,  <1. 
The  curvatures  can  be  found,  for  instance,  as  the  eigenvalues  of  the 
Hessian  which  is  the  matrix  of  the  second  derivatives  of  the  failure  surface 
(g=0),  at  the  design  point  [1801.  An  alternative  method  is  proposed  in  [183,1841. 78 
For  small  values  of  ß,  eq.  (81)  may  lose  accuracy  and  may  be  replaced  by  the 
three  term  approximation  [186]: 
p,  -A,  +A2+A3 
where: 
n-1 
A1=(D(-ß)fl(1-f1  1)  i-l 
A2 
'i2 
-fl(1-((3+1)Ki) 
lix 
i-i  i-l 
1 
n(  ca  jý￿z  3=  ca  )[a  c  aý  -  ýcaý]  nca  -1/2  A  -Re  1-  +i»x 
(82) 
It  is  often  the  case  that  a  structural  design  problem  is  defined  not  by  one  but 
by  a  number  of  limit  state  equations  and  therefore  a  number  of  design  points 
and  safety  indexes.  This  problem  can  be  tackled  by  using  the  concept  of 
systems  reliability,  assuming  each  mode  as  part  of  a  series  system.  Bounds  to 
the  total  failure  probability  are  given  by  [187]: 
7n  Tn 
Pf:  Y,  Pf,  -7,  max(pfk  npfI  )  (83) 
iri 
m  j-1 
prZ  pi,  +  Emax  pr-  Sprr  n  pt  10 
(84) 
j-T  k-1 
)1 
where  m  is  the  number  of  failure  modes  and  pfj  is  the  failure  probability  for 
mode  j.  The  numbering  of  the  modes  may  influence  the  bounds  and 
therefore  one  has  to  investigate  the  different  possible  numberings.  These 
bounds  become  very  narrow  for  the  small  values  of  pf  usually  of  interest. 
Level  III  Methods 
The  probability  of  failure  is  directly  calculated  by  : 79 
Pr  =J  f=,,  (r,  q)  dr  dq  (85) 
WI 
where  fr, 
q 
(r,  q)  is  the  joint  probability  density  function  in  R  and  Q  and  wf  is 
the  failure  domain  where  Z=R-Q  <  0.  The  above  integral  cannot,  in  general, 
be  solved  analytically.  Numerical  integration  techniques  can  be  used  but,  as 
the  number  of  variables  increases,  computations  become  very  time 
consuming.  Furthermore,  explicitly  defining  the  failure  domain  wf  is  usually 
difficult.  These  techniques  are  often  useful  only  for  problems  with  a  small 
number  of  variables  -  generally  less  than  six  -  and  with  wf  in  a  special  form 
such  as  a  hypercube,  hyperparaboloid,  etc.  [1881. 
Simulation  methods  offer  an  alternative  [188-200].  The  basic  one  is  Monte 
Carlo  Simulation  (MCS)  [188-190]  in  which  combinations  of  the  basic 
variables  are  sampled,  by  random  generation,  and  the  failure  probability  is 
estimated  as  the  ratio  between  the  number  of  failures  and  the  number  of 
non-failures.  More  formally,  eq.  (85)  is  rewritten  as: 
pf  =fI  [g(x)]  f(x)  dx 
W, 
(86) 
where  f(x)  is  the  probability  density  function  of  x  (the  vector  of  the  basic 
variables)  and  I  [g(x)]  is  a  function  with  value  1  in  the  case  of  failure  (g(x)  <_  0) 
or  zero  in  the  case  of  non-failure  (g(x)>0).  Eq.  (86)  represents  the  first 
moment  of  I  [g(x)]  so  that  an  unbiased  estimator  of  pf  is  given  by: 
Ps  =  E(I  [g(X,  )])  =N  Ni 
I  [g(x1)]  (87) 
where  N  is  the  sample  size  and  xi  (i=1,2,...,  N)  are  the  samples  generated  from 
f(x).  The  name  Monte  Carlo  derived  from  the  fact  that  the  complex  problem 
of  solving  eq.  (85)  is  reduced  to  a  gamble-like  hit-and-miss  evaluation 
problem.  MCS  has  become  a  quite  popular  method  for  approximating 
complex  multi-dimensional  integrals  since  its  application  in  Nuclear  Physics 
some  50  years  ago  and  has  received  considerable  help  from  the  fast 80 
development  of  powerful  computers.  It  is  straightforward  to  implement  and 
is  the  only  method  that  unconditionally  converges  to  an  accurate  solution, 
provided  the  sample  size  is  large  enough.  The  failure  domain  does  not  need 
to  be  explicitly  defined  and  the  computational  effort  does  not  increase  much 
with  the  number  of  variables,  provided  that  the  sampling  process  is  not  time 
consuming.  It  can  also  tackle  the  problem  of  multiple  modes  of  failure 
without  resorting  to  bounds.  Finally,  it  works  equally  well  with  discrete 
variables  for  which  FORM  and  SORM  are  often  difficult  to  use.  The  error  in 
MCS  can  be  estimated  with  the  formula  [201]: 
C%=2001(1-p')l 
1/2 
L  NPs 
(88) 
which  states  that  there  is  a  95%  confidence  level  that  the  actual  error  in  the 
estimated  pf  is  less  than  c  if  N  samples  are  used.  It  follows  that  for  small  pf 
and  e=20%,  N=  100/pf  samples  are  necessary.  For  pf  =10-4,  for  instance,  a 
million  samples  would  be  necessary. 
In  order  to  improve  the  efficiency  of  MCS,  various  variance  reduction 
techniques  have  been  proposed.  The  most  used  one  is  Importance  Sampling 
[191-1961  in  which  the  sampling  is  biased  towards  the  region  with  most 
likelihood  of  failure.  More  formally,  eq.  (86)  is  rewritten  as: 
Pr  =fI  [g(x)] 
hf  x) 
h(x)  dx  (89) 
wº 
) 
which  can  be  estimated  by: 
Pr  =EI  [g(x)] 
hxN 
ZI  tg(xi)1 
f  (xi) 
(90) 
()  i-i  h(xi) 
which  is  similar  to  eq.  (87),  but  with  the  samples  now  generated  according  to  a 
sampling  density  function  h(x)  located  in  the  region  of  maximum  likelihood 
of  failure  and  giving  more  failure  points.  Eq.  (88)  can  be  used  for  error 81 
estimation  but  with  pf  now  being  the  'success  rate'  which  is  the  probability  of 
obtaining  a  failure  point.  For  a  'success  rate'  of  about  50%  and  e=  20%,  only 
100  samples  would  be  necessary,  for  instance.  The  choice  of  h(x)  tends, 
however,  to  influence  the  results  quite  heavily  and  a  poorly  chosen  one  can 
lead  to  inaccurate  estimates  even  for  large  samples. 
It  is  common  to  use  information  from  a  previous  Level  II  analysis  to 
improve  the  efficiency  of  simulation  methods.  For  instance,  in  Importance 
Sampling  Using  Design  Point  (ISPUD),  h(x)  is  centred  at  the  design  point 
obtained  from  a  previous  AFOSM  analysis  [188].  Another  possibility  is  to  use 
information  from  AFOSM  and  SORM  to  limit  the  sampling  region  as  in  [202- 
204].  These  methods  are  important  to  improve  AFOSM  and  SORM  results  in 
the  case  of  a  highly  curved  failure  surface,  but  lead  to  the  same  restrictions 
associated  with  Level  II  methods,  regarding  discrete  variables  and  multiple 
modes  of  failure.  To  overcome  these  problems,  in  Adaptative  Sampling  [197] 
and  Directional  Simulation  [198-200]  the  region  of  maximum  likelihood  of 
failure  is  located  as  the  simulation  process  advances,  without  resorting  to  a 
previous  Level  II  analysis. 
In  most  of  the  practical'cases,  the  failure  surface  is  relatively  smooth  and 
AFOSM  gives  accurate  results  with  relatively  small  computing  time,  but  it  is 
always  useful  to  have  one  or  some  of  the  other  methods  implemented  for 
checking  purposes,  particularly  MCS,  when  feasible. 
Results  from  AFOSM,  SORM,  ISPUD  (500  and'5000  simulations)  and  MCS 
(10000  and  3  million  simulations)  were  compared  for  Cases  1,2  and  3  of  Table 
6.  The  four  collapse  modes  were  considered;  for  the  total  failure  probability, 
Ditlevsen  bounds,  eqs.  (83,84)  were  used  in  connection  with  AFOSM,  SORM 
and  ISPUD.  In  SORM,  '  the  curvatures  were  found  as  the  eigenvalues  of  the 
Hessian  and  eq.  (81)  was  used  to  estimate  the  failure  probability.  Figs.  66  and 
67  show  typical  results  for  Tripping  and  for  the  total  failure  probability.  The 
main  conclusions  were  [36]: S2 
For  the  design  cases  considered,  the  four  methods  gave  somewhat  similar 
results,  as  far  as  the  failure  probabilities  of  the  individual  modes  were 
concerned.  The  only  exception  was  MCS  with  10000  simulations,  for  values 
of  pf  lower  than  1%,  as  should  be  expected  from  such  a  number  of 
simulations.  ISPUD  gave  reasonable  results  with  only  500  simulations 
even  for  very  small  failure  probabilities 
As  far  as  the  total  failure  probability  is  concerned,  the  use  of  Ditlevsen 
bounds  in  connection  with  AFOSM,  SORM  and  ISPUD  also  gave  good 
results  in  comparison  with  the  more  accurate  results  from  MCS  with  3 
million  simulations 
AFOSM  is  the  most  convenient  method  for  use  in  design  in  this  case, 
giving  accurate  results  with  smaller  computing  time 
4.4)  SENSITIVITY  STUDIES 
In  order  to  investigate  the  relative  importance  of  the  different  basic 
variables  on  the  failure  probability,  reliability  analyses  using  AFOSM  were 
carried  out  for  Cases  1-5.  Case  2  corresponds  to  the  pilot  study  [26]  and  was  not 
considered;  a  redesign  (Case  2b)  was  used  in  its  place.  Tables  27  to  30  show  the 
sensitivity  factors  a1,  the  mean  and  design  points,  the  partial  safety  factors  of 
the  modelling  uncertainty  and  the  safety  index  ß  for  the  four  collapse  modes. 
Table  30  also  gives  the  upper  Ditlevsen  bound  values. 
The  dominance  of  the  modelling  uncertainty  is  quite  clear  from  the  values 
of  a1.  It  can  be  seen  that  a;  2  for  the  modelling  parameter  is  usually  in  the 
range  of  0.88-0.98  in  all  modes.  For  other  variables,  a12  seldom  reaches  a  value 
of  0.10. 
The  values  of  the  modelling  uncertainty  factor,  at  the  design  point,  can  be 
seen  to  be,  in  most  of  the  cases,  in  the  range  of  0.45  -  0.55.  This  happens  due  to 
assuming  a  continuous  normal  distribution  for  such  a  variable  and  due  to  its 83 
impact  on  the  failure  probability  (as  shown  above).  Such  a  drastic  reduction 
may  be  possible  in  real  structures,  for  the  frame  collapse  modes,  if  a  very 
adverse  residual  stress  distribution  is  present,  as  indicated  by  FE  analyses  in 
Chapter  3.  For  Interframe  Shell  Collapse,  on  the  other  hand,  there  is  a  well 
established  lower  bound  curve  to  the  experiments,  as  shown  in  Fig.  16.  Such  a 
lower  bound  has  been  confidently  called  'guaranteed  collapse  pressure',  and  is 
only  about  15%  below  the  mean  curve  defined  in  Table  22.  Therefore,  the 
failure  probabilities  associated  with  this  mode  (which  are  the  minimum 
ones)  are  essentially  conservative  since  truncation  effects  were  not  included. 
4.5)  CODE  FORMAT 
In  the  present  case  there  is  no  reserve  strength,  the  design  equations 
already  account  for  the  different  strength  reduction  factors  and  the  failure 
probability  shows  small  sensitivity  to  the  yield  stress  (see  4.4).  Therefore, 
referring  to  eq.  (70),  it  is  reasonable  to  assume  as  equal  to  the  unity. 
Two  formats  will  be  studied: 
Format  I: 
PC1 
f' 
Z  Pd  (91) 
where  f1  and  pc1  are  the  safety  factors  and  collapse  pressures  for  the  four 
collapse  modes.  This  is  essentially  the  present  deterministic  format,  in  which 
the  same  notional  safety  is;  used  irrespectively  of  the  design  pressure  and  of 
whether  overshooting  is  a  real  possibility  or  not,  and  will  be  calibrated  for  the 
new  design  equations  proposed. 
Format  II: 
J- 
Ys  Pd  (92) 
Yom,,, 84 
where  y,  o￿, 
is  a  modelling  PSF  covering  design  and  fabrication  uncertainties 
and  yj  is  a  load  PSF  covering  accidental  depth  overshoots.  For  commercial 
submersibles  in  which  there  is  no  possibility  of  overshooting,  y,  =  1.  For 
naval  submarines,  yf  would  increase  with  the  overdiving  factor  F=  Pd  +  0p 
Pd 
(Ap  being  a  'design  overshoot'):  for  deep  diving  vessels  (F  -*  1),  yf  would  also 
approach  the  unity.  As  F  increases,  yf  would  approach  the  higher  values 
corresponding  to  shallow  water  vessels. 
For  Interframe  Shell  Collapse,  values  depending  on  pm  /  pc  (a  form  of 
slenderness  measure)  will  be  introduced  owing  to  the  large  difference  of 
scattering  between  data  in  the  region  of  1.0  <  pm  /  pc5  5  2.5  and  data  in  the 
region  of  pm  /  pc5  >  2.5.  Internally  tee  framed  vessels  will  be  considered.  The 
study  included  Flange  Yielding  and  Plate  Yielding  pressures  calculated  with 
the  o-o-c  given  by  the  MoD  formula,  eq.  (68)  as  well  as  in  the  more  usual  way: 
0.5%  of  the  radius  and  distributed  as  a  half-sine  wave  over  the  axial  direction 
of  the  compartment. 
4.6)  DESIGN  SPACE 
For  the  choice  of  a  target  reliability  as  well  as  for  the  partial  safety  factor 
optimisation,  it  is  important  to  have  a  number  of  designs  carried  out 
according  to  the  present  practice  (design  space).  An  investigation  on  the 
application  of  alternative  materials  to  externally  pressurised  vessels  was 
recently  carried  out  [12],  using  the  BS  5500  [24]  design  criteria.  Different  steels, 
aluminium  alloy  and  titanium  alloy  were  considered  and  the  mechanical 
properties  assumed  are  given  in  Table  31.  Three  geometries  were  considered: 
a  small  research  vessel  with  Ri=1m  and  Lc=5m,  a  large  research  vessel  with 
R;  =4m  and  Lc=12m  similar  to  that  assumed  in  [17],  and  an  offshore  service 
submarine  with  Ri=2.5m  and  Lc=15m  similar  to  that  proposed  in  [9].  Four 
alternatives  of  design  depth  were  considered:  300m,  600m,  1500  and  6000m. 
The  following  internal  space  and  fabrication  constraints  were  imposed: 85 
Maximum  Frame  Depth:  dW+tf  : 5'305  mm,  for  Ri=  2.5  m,  4m 
5  200  mm,  for  R;  =1  m 
Maximum  Thickness:  t,  th,,  tf  S  200  mm 
Minimum  Free  Space  Between  Flanges:  LS  bf  z  450  mm 
Minimum  Free  Space  Between  Flange  and  Compartment  End: 
0.5  [Le  (nh-1)LS]  -  0.5b  fz  450  mm 
Maximum  Relative  Thickness:  t/tw￿  tf/tw  S  2.5 
Maximum  Flange  Length:  bfS0.7  (dW+t  f) 
Weight  optimised  solutions  were  found  and  typical  results  are  shown  in 
Fig.  68.  From  the  various  cases  considered,  32  solutions  were  used  to  form  the 
design  space,  together  with  Cases  1,2b,  3,4  and  5  of  Table  6,  'f  or  the  selection  of 
target  reliabilities  and  partial  safety  factor  optimisation.  These  32  solutions, 
given  in  Appendix  5,  used  steel,  had  pj  /pc5  >1  and  corresponded  to  pressures 
of  300m,  600m,  1500m.  For  a  pressure  of  6000m,  only  Titanium  offered  some 
solutions,  although  with  negative  buoyancy. 
4.7)  TARGET  RELIABILITY 
The  selection  of  a  target  reliability  should,  in  principle,  be"  based  on  a 
combination  of  social  considerations  (risks  to  life  and  environment)  and 
economic  considerations  (costs  of  loss,  repair  -or  non-utilisation  of  the 
structure).  This  is  often  difficult  since  structures  are  supposed  not  to  fail. 
Table  32  illustrates  how  little  the  risk  of  death  due  to  a  structural  failure  is  in 
comparison  with  other  risks  taken  in  our  everyday  life:  death  as  a 
consequence  of  a  car  accident  is  much  more  'acceptable'  than  due  to  structural 
failure. 86 
Sometimes  the  selection  of  a  hard-limit  is  avoided:  for  offshore  platforms 
in  the  UK  sector  of  the  North  Sea,  for  instance,  the  Health  and  Safety 
Executive  (HSE)  introduced  the  ALARP  (As  Low  As  Reasonably  Possible) 
principle  [2051,  Fig.  69:  in  the  upper  very  high  risk  region  of  the  diagram  the 
activity  cannot  be  justified  as  the  risk  of  failure  is  too  high  and  cannot  be 
tolerated;  in  the  lowest  risk  region  of  the  diagram  the  risks  are  broadly 
acceptable  so  that  it  is  unnecessary  to  apply  further  substantial  effort  to  reduce 
them  further  provided  that  they  will  remain  at  that  level.  In  the  central  zone 
(the  ALARP  zone)  the  risks  are  tolerable  only  if  further  risk  reduction  is  not 
reasonably  practical. 
Fig.  70,  from  [206]  shows  the  yearly  accident  rate  experience  for  various 
types  of  industries  including  the  offshore  industry,  based  on  information 
gathered  at  the  World  Offshore  Accident  Database  (WOAD)  including 
accidents  from  1990  to  20  years  back.  The  risk  for  floating  structures  can  be 
seen  to  be  higher  than  for  fixed  systems,  since  in  the  former  case  a  number  of 
accidents.  are  related  to  temporary  phases  during  transit  and  installation. 
Consistently  with  the  ALARP  principle,  two  curves  are  given:  'accepted'-and 
'marginally  accepted'.  The  same  concept  is  apparent  in  Fig.  71  from  [207]  in 
which  only  natural  uncertainties  are  considered  (modelling  uncertainties 
excluded). 
Fig.  72,  from  [208]  shows  the  range  of  lifetime  reliability  indices  found  in 
various  forms  of  construction  in  both  Europe  and  the  United  States.  Some  of 
these  indices  are  notional  in  that  they  have  been  determined  from 
comparative  studies.  P  in  the  range  of  3  to  4  can  be  seen  to  cover  land-based 
and  some  offshore  structures.  The  RCC  [209]  selected  ß=3.72  corresponding  to 
pf  of  10-4  as  the  TLP  lifetime  target  reliability.  Assuming  a  lifetime  of  20  years 
this  would  correspond  to  a  yearly  value  of  5.10-6.  The  Eurocodes  on  steel  and 
concrete  structures  [40,173]  assume  yearly  target  reliabilities  in  the  range  of 
10-4-10-6.1 
It  is  often  impractical  to  be  specific  about  a  target  reliability  based  on  such 
social  and  economic  considerations,  since  the  failure  probabilities,  as  we  now 87 
calculate  them,  are  essentially  notional  and  their  target  values  vary  widely  in 
different  structures  and  codes,  as  shown  above.  A  reasonable  way  to 
overcome  this  problem  is  by  investigating  the  average  reliability  of  designs 
carried  out  according  to  the  present  practice.  Such  an  average  tends  to  reflect 
the  implicit  levels  of  risk  so  far  tolerated  for  the  particular  type  of  structure 
under  consideration  and  may  therefore  be  a  good  choice  for  the  target 
reliability.  Mansour  et.  al.  [2101,  for  instance,  proposed  a  lifetime  target 
reliability  of  ,P=3.2  (  pf  =  7.10-4)  for  the  ship's  hull  girder  longitudinal 
strength,  based  on  the  average  reliability  of  300  ships  designed  according  to 
the  ABS  rules.  This  would  correspond  to  a  yearly  target  of  pf=3.5.10-5,  again 
assuming  a  lifetime  of  20  years. 
For  the  pressure  hulls  under  consideration,  Figs.  73  to  82  show  the 
reliability  levels  found  for  the  various  design  cases  considered.  Overshooting 
is  not  included.  The  geometry  of  the  pilot  study  [26]  is  included  in  the  figures 
to  explain  the  paradoxical  results  previously  obtained.  Its  frames  have 
inadequate  dimensions  and  it  can  be  seen,  from  Figs.  78  to  82  that  the  safety 
indices  for  Flange  Yield  and  Plate  Yield  fall  below  the  average  values.  These 
safety  indices  were  even  lower  in  the  pilot  study  due  to  the  conservative 
modelling  assumed  for  these  two  modes.  The  conservative  modelling  of 
Frame  Tripping  also  reduced,  the  safety  index  for  this  mode  of  -failure  in  the 
pilot  study.  For  Interframe  Shell  Collapse,  on  the  other  hand,  the  geometry 
used  fell  on  the  region  of  pm/pc5  >  2.5,  where  there  is  considerably  less  scatter 
of  the  experimental  results  and  therefore  a  smaller  cov.  It  is  natural  therefore 
that,  for  this  particular  geometry,  the  notional  safety  calculated  for  Interframe 
Shell  Collapse  is  much  higher  than  for  the  frame  collapse  modes. 
It  can  be  observed  that  present  day  designs  (indicated  by  black  squares  in  the 
figures),  tend  to  fall  in  the  region  1<  pm/Pc5  <  2.5  and  to  have  in  general  a 
higher  notional  safety  for  the  frame  collapse  modes  than  for  Interframe  Shell 
Collapse,  as  expected  from  the  usual  submarine  design  thinking.  But  for 
designs  falling  in  the  region  of  pm/Pc5  >  2.5,  the  opposite  result  can  be 
expected. 
*  For  the  design  cases  of  Table  6,  Lc  was  adjusted  to  just  meet  the  BS5500  criteria  for  frame  yield 88 
Finally,  the  figures  show  results  for  two  designs  failing  by  elastic  Interframe 
Shell  buckling  pIIn/Pc5  <  1.  These  have  a  much  smaller  notional  safety  than 
the  others  due  to  the  large  scattering  normally  associated  with  elastic 
buckling.  These  points  are  not  included  in  the  calibration. 
Tables  33  to  35  show  the  average  values  for  ß  and  pf  as  well  as  the  range  of 
ß  for  the  37  geometries  and  the  4  collapse  modes,  considering  no 
overshooting  as  well  as  overshootings  of  15%  and  30%  of  the  design  pressure 
pd.  The  average  total  failure  probabilities  are  in  the  order  of  0.05%,  0.5%,  and 
2%,  for  zero,  15%  and  30%  overshooting  respectively. 
These  could  be  understood  as  lifetime'risks,  since  collapse  by  buckling  will 
occur  once  a  critical  load  is  exceeded.  In  terms  of  failure  consequences,  a  PH 
collapse  would  probably  lead  to  the  loss  of  the  vessel  and  part  or  all  of  its 
crew.  Assuming,  for  comparison  purposes,  100  lives  lost,  from  Fig.  70,  'an 
'acceptable'  value  for  offshore  platforms  would  be  0.1%  annual  failure 
probability  or  a  2%  failure  probability  over  a  20  year  lifetime.  Fig.  72  gives 
similar  values.  The  'acceptable'  curve  of  Fig.  71  would  tolerate  even  higher 
risks  for  quite  costly  accidents.  Therefore,  the  results  obtained  for  the  above 
PHs  are  reasonably  within  the  risk  levels  accepted  by  the  offshore  industry, 
even  when  a  quite  severe  overshooting  is  considered.  One  has  to  remember, 
though,  that  the  above  numbers  are  essentially  notional  and  no  great 
confidence  can  be  placed  in  such  comparisons.  It  is  sometimes  argued  that 
ignoring  human  errors,  as  in  all  of  these  cases,  'leads  to  an  underestimation  of 
the  failure  probability  by  a  factor  of  10  or  more  [211]. 
The  failure  probabilities  calculated  for  Interframe  Shell  Collapse,  which 
determine  to  a  large  extent  the  total  failure  probability,  are  conservative  since 
truncation  effects  are  not  considered.  Furthermore,  the  modelling  of  the 
frame  collapse  modes  was  improved  as  far  as  the  mean  values  are  concerned, 
but  conservative  values  for  the  cov  were  still  assumed.  Finally,  the  high 
standards  which  are  characteristic  of  design,  fabrication  and  operation  of 
submarines  tend  to  minimise  to  some  extent  the  possibility  of  human  error. 
Therefore,  the  values  found  above  are  probably  a  conservative  estimation  for 
the  risk  of  a  PH  failure.  Overshootings  of  the  magnitude  considered  do  occur 89 
in  practice  and,  so  far,  there  are  no  known  submarine  loss  attributable  to  a  PH 
collapse. 
The  average  reliabilities  shown  in  Tables  33  to  35  were  used  as  target 
reliabilities  in  the  derivation  of  the  safety  factors  for  Format  I.  For  Format  II 
the  target  reliability  varied  with  the  'design  overshooting'  factor  F.  For  a 
given  value  of  F,  the  target  values  ßti  were  taken  as  the  average  reliability 
found  for  the  37  models,  calculated  for  an  overdiving  of  Fmax  -  (F  -  1).  Fmax  is 
a  'maximum  overdiving  factor',  representing  the  maximum  acceptable 
overdiving  of  present  day  designs,  for  which  two  values  were  considered:  1.15 
(15%)  and  1.30  (30%).  If  Fii  ax  is  assumed  as  1.15,  a  submarine  expected  not  to 
overdive  would  have  a  target  reliability  equal  to  the  average  reliability 
obtained  from  the  37  models  considered  as  overdiving  to  15  %  above  their 
operational  pressure  (minimum  reliability  Pm).  A  submarine  expected  to 
overdive  to  the  maximum  value  of  F=1.15  would  have  a  target  reliability 
equal  to  the  average  reliability  obtained  from  the  37  models  without 
overdiving  (maximum  reliability  I3max).  In  this  way,  Figs.  83  to  86  were 
obtained  giving  the  target  reliabilities  for  the  various  modes  as  a  function  of 
the  factor  F. 
For  Interframe  Shell  Collapse,  the  target  reliabilities  used  in  the  partial 
safety  factor  optimisation  always  corresponded  to  the  average  values  obtained 
from  the  designs  with  1<  pn,  /Pc5  <  2.5,  as  the  typical  present  day  designs  tend 
to  fall  in  this  range. 
4.8)  PARTIAL  SAFETY  FACTOR  OPTIMISATION 
The  process  of  partial  factor  optimisation  is  one  of  constrained 
minimisation.  Thus  the  probabilities  of  failure  of  designs  performed  in 
accordance  with  a  chosen  code  format  are  compared  with  the  target  reliability 
and  the  code  format  partial  safety  factors  altered  until  the  spread  of 
reliabilities  for  a  range  of  designs  is  minimised.  This  can  be  expressed  by  the 
following  set  of  equations: 90 
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where  pf;  is  the  failure  probability  of  the  ith  design  according  to  the  code 
format  using  the  trial  values  of  the  partial  factors,  pf,  is  the  target  reliability, 
wi  is  the  weight  given  to  design  i  and  M  is  the  total  number  of  models  in  the 
design  space.  The  constraints  are: 
M 
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p1  is  evaluated  with  AFOSM,  defining  the  failure  function  as: 
g(x)  =  X. 
IPCI  _ 
PCB  (96) 
Yi 
where  XmI,  psi,  and  pc,  are  the  modelling  uncertainty  factor,  the  collapse 
pressure  and  the  mean  collapse  pressure  for  mode  j  respectively  and  yi  is  the 
partial  safety  factor  for  the  collapse  mode  j.  wi  =5  was  assumed  for  the  designs 
of  Table  6  and  w;  =1  was  used  for  the  remaining  designs. 
Partial  safety  factors  were  derived  for  Format  I,  using  the  values  given  in 
Tables  33  to  35  as  target  reliabilities,  and  results  are  shown  in  Tables  36  to  38. 
Partial  safety  factors  were  then  derived  for  Format  II  in  the  following  way: 
for  each  mode  a  single  safety  factor  fj  was  obtained  for  various  values  of 
F=  pd  +  AP, 
according  to  the  target  reliabilities  of  Figs.  83  to  86. 
Pd 
It  was  then  verified  that  fj  tended  to  increase  linearly  with  F,  Figs.  87  to  90,  and 
fj  could  be  decomposed  in  a  constant  component  yXmj  (  design  and  fabrication 
PSF)  and  a  component  yf  linearly  varying  with  F  (operational  PSF).  Table  39 
compares  the  values  obtained  with  the  present  practice. 
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To  summarise,  the  following  average  notional  values  of  ß  were  found  for 
designs  carried  out  according  to  the  present  practice: 
Flange  Yield  with  eqs.  (56)+(68):  5.08,4.37,3.68,  for  F=1,1.15,1.3  respectively 
Flange  Yield  with  eq.  (56)+0.5%R:  4.04,3.36,2.71 
Plate  Yield  with  eqs.  (56)+(68):  3.88,3.32,2.77 
Plate  Yield  with  eq.  (56)+0.5%R:  3.68,3.10,2.53 
Frame  Tripping  with  eq.  (66):  3.93,3.52,3.11 
Interframe  Shell  Collapse  (mean  curve):  3.20,2.65,2.12 
Based  on  the  present  practice  and  on  the  partial  safety  factor  optimisation 
(Finax=1.15),  provisional  values  are  recommended  for  the  safety  factor  yxmjYf: 
(i)  For  vessels  with  small  or  no  overdiving  requirement  (F  -41),  yyf=1  can  be 
used  leading  to  the  safety  factors: 
Flange  Yield:  1.75  with  eqs.  (56)+(68)  or  1.55  with  eq.  (56)+0.5%R 
Plate  Yield:  1.80  with  eqs.  (56)+(68)  or  1.75  with  eq.  (56)+0.5%R 
Frame  Tripping:  2.0  with  eq.  (66) 
Interf.  Shell  Col.  (mean  curve):  1.55  for  1<pm/Pc5<_2.5  or  1.3  for  pm/pc5>2.5 
(ii)  For  vessels  with  overdiving  requirement  in  the  range  (1.15:  5  F:  51-30), 
yf=1.15  can  be  used  leading  to  safety  factors  similar  to  the  present  practice: 
Flange  Yield:,  2.0  with  eqs.  (56)+(68)  or  1.8  with  eq.  (56)+0.5%R 
Plate  Yield:  2.1  with  eqs.  (56)+(68)  or  2.0  with  eq.  (56)+0.5%R 
Frame  Tripping:  2.3  with  eq.  (66)  (see  also  [32,331) 
Interf.  Shell  Col.  (mean  curve):  1.75  for  1<pm/Pc5<_2.5  or  1.5  for  pes,  /pes>2.5 
(iii)  For  vessels  with  overdiving  requirement  in  the  range  (1.0:  5  F:  5  1.15) 
linear  interpolation  in  F  should  be  used. 92 
Chapter  5-  CONCLUSIONS  AND  FUTURE  WORK 
5.1)  CONCLUSIONS 
A  Level  I  code  format  is  proposed  for  the  buckling  design  of  ring-stiffened 
cylindrical  shells  under  external  pressure.  Depth  independent  partial  safety 
factors  yxm  ,  to  be  applied  to  the  resistance  (collapse  pressures),  are  proposed 
for  the  four  modes  considered  Unterframe  Shell  Collapse,  Frame  Yield,  Plate 
Yield  and  Frame  Tripping),  covering  design  and  fabrication  factors.  A  partial 
safety  factor  yf,  to  be  applied  to  the  load  (external  pressure),  and  varying  with 
the  design  pressure  and  the  maximum  expected  overdiving,  is  proposed  to 
cover  operational  factors. 
The  values  for  and  yf  proposed  in  Chapter  4  were  obtained  assuming  as 
a  target  the  same  safety  levels  of  designs  carried  out  according  to  the  present 
practice  (BS5500  [241)  in  overdiving  conditions.  For  deep  diving  vessels  or  in 
cases  in  which  the  risk  of  overdiving  is  not  relevant,  it  is  proposed  that  the 
safety  factors  YxmI  -ff  used  in  design  could  be  smaller  than  those  presently 
recommended.  This  would  imply  allowing  the  pressure  hull  to  operate  at 
stress  levels  higher  than  those  presently  accepted.  The  implications  on  other 
failure  modes  such  as  fatigue  and  fracture  should  be_assessed  before  fully 
accepting  such  smaller  safety  factors. 
It  is  also  proposed  that  smaller  safety  factors  can  be  used  for  Interframe 
Shell  Collapse  in  the  range  of  pm/pes  >  2.5.  The  values  proposed  in  Figs.  87-90 
and  Table  39  are  largely  a,  consequence  of  the  statistical  properties  of  the 
modelling  uncertainty  (Fig.  16),  obtained  in  the  pilot  study  [26].  It  would  be 
important  to  check  them  in  view  of  the  raw  data  and  perhaps  some  new  data, 
as  will  be  discussed  in  the  next  section., 
Both  the  depth  and  the  slenderness  dependency  of  yxmjyf  would  not  affect 
present  day  designs  such  as  Cases  1  to  5  of  Table  6.  These  tend  to  have  pes,  /pc5 93 
<  2.5:  to  increase  such  ratio  it  is  necessary,  for  a  given  material,  to  increase  t  or 
decrease  LS  or  a  combination  of  both.  But  this  inevitably  leads  to  an  increase 
in  structural  weight.  Therefore,  solutions  in  the  range  of  pm  /Pc5  <  2.5  will 
remain  the  minimum  weight  ones  for  these  traditional  designs.  On  the  other 
hand,  for  deep  diving  vessels  (with  stockier  geometries),  the  smaller  safety 
factors  could  extend  the  range  of  application  of  some  materials  as  illustrated 
in  Fig.  91. 
In  order  to  obtain  such  partial  safety  factors,  different  aspects  of  strength 
modelling  and  Structural  Reliability  had  to  be  addressed.  On  the  strength 
modelling  side,  the  work  was  focused  on  the  frame  collapse  modes. 
Seventy  two  experimental  results  were  compiled,  corresponding  to 
machined  models  failing  by  elastic  General  Instability.  FE  meshes  were 
validated  in  view  of  mesh  studies  and  experimental  results  and  further  used 
in  parametric  studies.  The  FE  results  showed  a  small  sensitivity  to  variations 
on  the  mesh  describing  the  plating,  but  a  large  sensitivity  to  the  modelling  of 
the  frames,  when  using  Eigenvalue  Analysis.  The  effect  of  boundary 
conditions  on  the  elastic  General  Instability  pressure  Pn  was  investigated  in 
view  of  both  experiments  and  results  of  the  FE  models.  Statistical  properties 
were  obtained  for  the  model  uncertainty  associated  with  pn. 
The  development  of  limit  point  calculation  algorithms  like  the  modified 
Riks  method  allows  for  the  effect  of  initial  shape  imperfections  on  the 
collapse  pressure  to  be  successfully  estimated.  Thirty  five  experimental  results 
were  compiled  corresponding  to  welded  models  failing  by  General  Instability. 
Unfortunately,  detailed  information  on  shape  imperfections  was  found  only 
for  a  few  of  these  experimental  results.  No  detailed  information  was  found 
regarding  residual  stresses.  FE  models  were  validated  in  view  of  the-most 
relevant  of  these  experiments  as  well  as  in  view  of  other  numerical  results 
found  in  the  literature.  It  would  be  important  in  future  tests  that  the  shape 
imperfections,  residual  stresses  and  elastic  restraints  in  the  boundaries  are 
measured  and  reported  to  provide  all  the  information  necessary  for  a  more 
accurate  validation  of  FE  models. 94 
Potentially  harmful  effects  of  compressive  welding  residual  stresses  on 
the  collapse  pressure  in  a  General  Instability  mode  were  identified  in  the 
FE  parametric  studies.  It  has  to  be  said,  though,  that  little  is  known  about 
welding  residual  stresses  at  the  stiffeners  of  ring-stiffened  shells.  The  only 
measurement  known  to  the  author  actually  showed  tensile  residual 
stresses  at  the  frame  flange. 
The  margin  between  initial  yield  on  the  frame  and  final  collapse  was  found 
to  depend  on  the  ratio  Py/Pc5  and  therefore  on  the  level  of  imperfection 
(affecting  the  frame  yield  pressure  py)  of  the  frame.  For  typical  values  of  o-o-c 
(0.5%R),  such  a  margin  was  of  about  10%  for  tee  frames  (from  the  FE  results 
without  residual  stresses)  and  of  about  25%  for  flat  bar  frames  (from  the 
experimental  results).  Statistical  properties  were  proposed  for  the  model 
uncertainty  associated  with  collapse  prediction  using  py  in  view  of  the 
experimental  and  FE  results. 
A  closed  form  solution  for  the  elastic  Frame  Tripping  pressure,  based  on 
energy  methods  and  showing  good  agreement  with  FE  and  other  numerical 
results,  was  introduced.  FE  parametric  studies  showed  the  effect,  on  the 
collapse  pressure,  of  initial  tilting  angles  of  up  to  40  to  be  considerably  less 
harmful  than  the  effect  of  an  initial  o-o-c  of  0.5%R,  supporting  the  use  of  a 
modified  Tangent  Modulus  approach  for  inelastic  Tripping. 
On  the  Structural  Reliability  side,  different  reliability  methods  (AFOSM, 
SORM,  ISPUD  and  MCS)  were  reviewed,  implemented  and  compared. 
AFOSM  was  the  most  suitable  for  design  as  it  gave  accurate  results  with 
smaller  "computing  times. 
The  possibility  of  obtaining  the  failure  probability  in  case  of  overdiving  (or 
as  a  function  of  the  external  pressure  in  general)  was  verified,  using  any  of 
the  above  methods.  The  paradoxical  results  obtained  in  the  pilot  study'  [26] 
were  found  to  be  a  consequence  of  the  geometry  supplied  for  the  study  and  of 
the  conservative  modelling  that  had  to  be  used  for  the  frame  collapse  modes. 95 
Notional  safety  levels  of  various  types  of  existing  structures  were  reviewed 
and  target-safety  levels  were  proposed  for  externally  pressurised,  internally 
ring-stiffened  cylinders  in  the  four  buckling  modes  under  consideration. 
Finally,  partial  safety  factor  optimisation  was  carried  out  to  obtain  the  partial 
safety  factors  mentioned  in  the  beginning  of  this  section.  ' 
5.2)  FUTURE  WORK 
Measurements  in  Real  Structures 
All  engineering  models  involve  idealisations  which  are  only  meaningful 
if  reflecting  the  actual  behaviour  of  the  real  systems  they  wish  to  represent. 
Both  FE  models  and  Structural  Reliability  theory  are  powerful  tools  which 
allow  great  generality  on  the  description  of  the  structural  behaviour  both 
deterministically  and  stochastically.  Their  proper  use  may  be  limited,  though, 
by  a  relative  lack  of  information  on  real  structures. 
Some  important  areas  needing  more  information  were  identified,  like 
boundary  conditions  and  the  spatial  variation  of  material  properties  and 
shape  imperfections,  although  some  attention  has  been  given  recently  to  the 
measurement  of  out-of-circularity.  Perhaps  the  most  important,  as  far  as 
marine  structures  are  concerned,  is  the  distribution  of  welding  residual 
stresses  and  combinations  of  residual  stresses,  which  may  have  severe 
implications  on  frame  collapse.  The  appropriate  modelling  of  fabrication 
procedures  for  further  collapse  analysis  is  therefore  a  major  area  for  future 
work. 
Strength  Modelling 
The  modelling  uncertainty,  factor  dominated  quite  strongly  the  failure 
probabilities  obtained,  at  the  expense  of  more  'physical'  variables  such  as 
dimensions,  imperfections  and  material  properties.  This  was  a  consequence 
of  the  simplified  formulae  used  for  collapse  prediction. 96 
Design  methods  more  accurate  than  the  present  simplified  formulae  may 
be  considered  in  the  future.  In  deterministic  design,  simple  formulae  are 
often  preferred  even  when  somewhat  inaccurate:  since  the  overall  procedure 
is  in  general  conservative,  improvements  in  the  calculation  of  individual 
parameters  often  prove  of  little  use.  On  the  other  hand,  in  reliability  based 
design,  improved  methods  (in  the  sense  of  leading  to  a  smaller  scattering  of 
their  modelling  uncertainty)  may  be  readily  translated  into  weight  savings,  as 
the  failure  probability  usually  depends  heavily  on  the  cov  of  the  modelling 
uncertainty  factor,  and  into  improved  code  formats,  as  the  influence  of  the 
'physical'  variables  is  made  clearer. 
Several  of  these  design  methods  were  reviewed:  Chapter  2  showed 
Kendrick's  accurate  energy  methods  which  are  suitable  for  the  elastic  buckling 
in  all  modes  and  simply  involve  the  solution  of  eigenvalue  problems.  These 
could  be  used  to  a  more  accurate  estimation  of  pes,,  pn  and  pt.  Chapter  3  also 
reviewed  theories  which  allow  a  better  estimation  of  Pc5,  by  correctly 
including  the  'beam-column'  effect.  Also  in  Chapter  3,  several  modified 
Tangent  Modulus  approaches  for  inelastic  buckling  were  reviewed  and 
Kendrick's  method  for  predicting  frame  collapse,  including  the  effect  of  shape 
imperfections  and  residual  stresses  was  mentioned. 
Further  work  is  still  needed  as  far  as  mode  interaction  effects  are 
concerned.  Frame  design  should,  in  the  future,  concentrate  on  obtaining 
minimum  scantlings  to  keep  mode  interaction  with  Interframe  Shell 
Collapse  at  an  acceptable  value,  when  residual  stresses  and  shape 
imperfections  are  taken  into  account. 
For  more  specialised  design,  the  pilot  study  [261  gave  many  suggestions  for 
future  work,  like  the  use  of  FE  models  representing  discrete  frames,  sections 
of  the  pressure  hull  between  bulkheads  as  well  as  transition  regions  (cylinder- 
cone,  e.  g.  )  which  could  be  validated  by  experimental  results  and  then  used  to 
define  the  failure  surface  for  reliability  analysis  or  to  investigate  both  material 
and  geometric  imperfection  spatial  variations.  These  models  could  have  the 97 
advantage  of  considering  all  buckling  modes  as  well  as  the  interaction 
between  them.  FE  models  were  validated  in  the  present  work,  but  the 
accurate  inclusion  of  welding  residual  stresses  in  the  FE  models  is  an  area 
which  needs  further'  work.  A  clever  method  was  recently  proposed  in 
[242,243],  where  ADINA  was  used  to  estimate  the  effect  of  residual  stresses  on 
the  collapse  loads  of  stiffened  plates  [242]  and  tubulars  under  axial 
compression  [243].  The  procedure  can  be  summarised  as  follows,  Fig.  92: 
Step  1:  Create  an  initial  geometry  including  measured  shape  imperfections 
resulting  from  all  fabrication  processes,  including  welding.  Assign  a 
coefficient  of  thermal  expansion  to  the  elements  adjacent  to  the  weld 
Step  2:  Increase  the  temperature  in  these  elements  to  produce  reversed 
residual  stresses.  The  updated  nodal  geometry  is  stored  in  a  file 
Step  3:  This  updated  geometry  is  now  the  initial  geometry.  The 
imperfections  in  the  model  now  include  measured  geometric 
imperfections  as  well  as  displacements  due  to  the  thermal  loading.  The 
shell  is  free  of  residual  stresses 
Step  4:  The  temperature  is  decreased  and  the  shell  is  strained  back  to  the 
original  initial  geometry  with  the  measured  shape  imperfections  only,  as 
well  as  with  the  desired  residual  stresses 
-FE  models  were  not  directly  used  in  the  reliability  analyses  carried  out  in 
the  present  work  due  to  the  computational  effort  involved,  but  -must  be 
mentioned  as  an  important  area  for  future  work.  Initial  applications  may 
consist  of  connecting  a  FE  code  directly  to  a  reliability  method  such  as 
AFOSM,  SORM,  etc.  as  in  [212-214].  The  amount  of  computation  necessary, 
however,  is  often  excessive.  Different  techniques  have  been  investigated  to 
improve  the  interaction  between  a  general  purpose  FE  code  and  a  reliability 
method  [215,216].  Response  Surface  methods  have  also  been  proposed  [217- 
219]:  the  FE  model  is  only  used  to  evaluate  a  limited  number  of  points  which 
will  define  an  approximating  surface  (polynomial,  e.  g.  );  this  more 
Note:  Cyclic  loading  effects,  such  as  the  Bauschinger  effect,  must  also  be  considered  in  the  future 98 
computationally  inexpensive  surface  will  then  be  used  as  a  failure  function. 
The  most  advanced  approach  deals  with  the  inclusion  of  probabilistic 
concepts  in  the  formulation  of  the  finite  elements.  This  has  opened  a  new 
area  of  research,  Stochastic  Finite  Elements  [220-223],  in  which  the  basic 
random  parameters  are  recognised  as  having  a  spatial  distribution  which 
depends  on  their  location  in  the-  structure,  therefore  forming  random  fields 
rather  than  random  variables.  These  random  fields  are  discretised  so  that  the 
random  input  will  consist  of  a  vector  of  random  variables  (i.  e.  local  averages 
of  the  underlying  random  field  across  each  element)  whose  covariance  matrix 
depends  on  the  finite  element  mesh  [221]. 
Finally,  future  research  is  also  needed  to  make  it  feasible  to  account  for 
factors  (g)  to  (i)  of  Section  1  (explosions,  collision,  docking,  etc.  ),  explicitly  in 
PH  design. 
Probabilistic  Modelling 
Future  work  should  include  the  effects  of  truncations  in  the  probability 
density  functions  of  some  of  the  basic  variables.  The  possible  effect  of 
truncation  was  clear  in  the  present  study  for  the  Interframe  Shell  Collapse 
mode  (see  Chapter  4).  The  yield  stress  or  the  out-of-circularity  may  also,  at  the 
design  point,  assume  values  which  would  be  rejected  in  the  quality  control 
and  therefore  are  not  realistic,  although  this  was  not  verified  in  the  present 
study.  The  clarification  of  the  effect  of  residual  stresses  may  allow  for  a 
rational  truncation  in  the  case  of  the  frame  collapse  modes,  in  the  same  way 
as  the  lower  bound  curve  of  Fig.  16  may  be  used  for  truncation  in  the  case  of 
Interframe  Shell  Collapse. 
The  reduction  in  the  factor  y,  1yf, 
for  Interframe  Shell  Collapse  in  designs 
with  pes,  /Pc5  >  2.5  ,  is  highly  dependent  on  the  values  adopted  for  the  cov  for 
the  modelling  uncertainty  associated  with  this  mode,  Fig.  16.  The  values  used 
were  given  in  the  pilot  study  and  were  derived  there  from  the  points  in  the 
figure,  rather  than  from  the  raw  data.  If  such  data  is  made  available,  in 
addition  to  new  experiments  [122,136,144-146]  and  perhaps  numerical  results 99 
(cheaper  single-bay  FE  models  could  be  used)  and  if  truncation  is  taken  into 
account,  the  code  calibration  procedure  used  in  Chapter  4  can  be  repeated  to 
refine  these  partial  safety  factors. 
The  present  study  assumed  normally  distributed,  uncorrelated  variables 
(except  for  the  yield  stresses,  assumed  as  log-normal).  Such  assumptions  are 
usual  in  the  reliability  assessment  of  marine  structures,  but  should  be 
investigated  in  more  detail  in  the  future,  if  relevant  information  is  available. 
There  has  been  particular  concern  with  the  form  of  the  probability  density 
functions,  assumed  for  the  basic  variables  [224-226],  which  is  a  major  area  for 
future  research.  Another  aspect  that  could  not  be  explored  in  the  present 
work,  because  of  time  and  computing  limitations,  is  the  use  of  well  validated 
FE  models  to  generate  large  samples  of  results  which  could  then  be  used  for  a 
better  choice  of  probability  density  functions. 
Another  area  identified  as  of  primary  concern  [206]  is  the  statistical 
modelling  of  human  error  which  involves  various  possible  inadequacies, 
from  gross  errors  and  misinterpretations  in  design  to  inadequate  operation  or 
inspection. 
Closure:  Putting  in  Perspective..: 
The  present  work  was  aimed  at  steel  structures  for  operation  at  depths 
below  300m  where  design  solutions  usually  involve  relatively  stocky 
cylindrical  shells  (R/t<120)  in  which  yielding  and  elastic-plastic  buckling  play 
a  dominant  role  in  design.  Future  work  should  consider  other  forms  of  shell 
such  as  cones  and  domes  as  well  as  thinner  cylindrical  shells.  Recent  work  in 
China  [244]  proposed  that,  when  designing  externally  pressurised  steel  and 
titanium  hulls  with  unusual  geometries  (R/t  >150  and  Lc/R<2.6),  General 
Instability  modes  with  more  than  one  half-wave  along  the  compartment 
length  may  become  critical.  It  is  also  shown  in  [244]  that,  in  these  modes,  axial 
stiffening  may  become  relevant.  Thinner  shells  and  smaller  compartments 
are  also  common  in  steel  offshore  structures  operating  at  smaller  pressures 
and  it  is  interesting  to  note  that  offshore  codes  use  long-compartment 100 
submarine  design  criteria  to  size  their  frames.  For  offshore  structures,  axial 
and  bending  loads  would  have  to  be  considered  in  addition  to  external 
pressure. 
Partial  safety  factors  for  elastic  buckling  were  not  treated  in  detail  as  this 
type  of  buckling  is  usually  not  of  direct  relevance  to  the  design  of  relatively 
stocky  shells  as  those  considered  here.  But  elastic  buckling  may  be  of  direct 
relevance  in'  the  design  of  thinner  shells  as  indicated  by  the  work  on 
aerospace  related  structures  [227-229]. 
Structural  efficiency;  in  the  sense  of  'withstanding  given  loads  with 
minimised  weight,  tends  to  imply  the  use  of  thinner  shells.  In  practice, 
however,  the  material  selection  will  largely  determine  the  degree  of  efficiency 
achieved.  The  choice  of  material  depends  on  a  number  of  factors,  cost  being 
often  the  most  important  for  commercial  -structures:  if  the  designer  is 
prepared  to  pay  for  efficiency  (as  in  the  aerospace  industry),  an  improved 
material  may  be  chosen  leading  to  thin  walled  structures  in  which  elastic 
buckling  may  be  dominant. 
If  the  designer  is  not  prepared  to  pay  much  for  efficiency,  less  improved 
materials  may  be  used  and  stockier  structures  may  be  obtained;  this  has  often 
been  the  case  in  marine  structures.  Things  have  been  changing,  however:  for 
instance,  in  the  field  of  fast  transportation,  aluminium  alloys  are  largely  used. 
Composite  materials  of  very  high  yield  stress  are  also  being  considered  for 
deep  water  and  other  marine  vessels  [11,230],  maybe  also  leading  to  much 
thinner  structures. 
From  a  historical  point  of  view,  until  perhaps  the  last  century,  structural 
design  and  construction  was  carried  out  by  master  builders,  based  on 
empirical  knowledge  and  judgement.  The  empirical  rules  were  well  kept 
secrets.  In  modern  times,  the  task  is  carried  out  by  structural  engineers  and  is 
based  on  the  rational  treatment  of  load  and  strength.  The  uncertainties 
associated  with  these  quantities,  however,  are  still  treated  empirically.  In  a 
broad  sense,  the  codes  of  practice  aim  to  incorporate  updated  scientific 101 
knowledge,  for  loads  and  resistance,  as  well  as  the  experience  and  judgement 
of  authorities  in  the  field,  for  the  treatment  of  uncertainties,  and  make  both 
available  to  the  general  public. 
In  this  context,  the  application  of  Structural  Reliability  theory  aims  to  be  a 
step  further  in  such  an  evolutionary  process,  by  treating  uncertainty  in  a 
scientific  basis,  reducing  the  element  of  empiricism  and  judgement.  For  the 
time  being,  the  failure  probability  has  only  a  notional  value  due  to  the 
simplifications  made  in  the  strength  modelling  as  well  as  in  the  reliability 
calculations.  Even  so,  it  does  allow  the  derivation  of  code  formats  with  partial 
safety  factors  which  are  more  rationally  based  than  the  usual  deterministic 
safety  factors. 
Future  developments  may  lead  to  the  failure  probability  being  less  notional 
and  more  of  a  real  measure  of  risk  for  direct  assistance  to  the  decision  making 
process,  (referred  to  in  [176)  as  a  Level  IV  reliability  method)  and  therefore 
fully  materialising  the  benefits  of  applying  Structural  Reliability  in  design, 
fabrication  and  operation.  It  is  interesting  to  note  that  some  work  is  under 
way  on  methods  to  treat  uncertainty  in  a  rational  but  non-probabilistic  way, 
for  cases  in  which  the  limited  information  available  is  not  sufficient  for  a 
proper  choice  of  statistical  properties  [226,231]. 
The  understanding  of  structural  instability  has  been  realised  to  be  useful  to 
other  similar  problems  in  nature. 
Leonard  Euler  himself  was  not  concerned  only  with  structures,  but  was 
rather  a  mathematician  fascinated  by  the  calculus  of  variations  and  the 
consequent  search  for  maximums  and  minimums.  He  devoted  a  great  deal  of 
work  to  the  application  of  such  methods  to  many  different  physical  problems. 
One  of  such  problems  was  that  of  determining  elastic  curves  and,  as  part  of  it, 
he  determined  the  bifurcating  equilibrium  configurations  of  a  compressed 
elastic  column  [245].  Although  published  in  the  eighteenth  century,  it 
remained  rather  controversial  until  well  in  the  following  century  [233], 
simply  because  it  did  not  work  beyond  the  elastic  range. 102 
Simple  as  we  assume  it  today,  Euler's  column  equation  is  very  important, 
as  stressed  by  Bleich  [233]:  'structural  design  is  normally  concerned  with  the  determination 
of  stresses  based  upon  the  tacit  assumption  that  stable  equilibrium  exists  between  internal  and 
external  forces.  This  is  to  say,  the  equilibrium  is  such  that,  within  certain  limits,  any  slight 
change  of  the  loading  condition  does  not  produce  disproportionate  increase  of  the  stresses  or 
elastic  distortions  of  the  system.  Hence,  adherence  to  a  certain  stress  -  the  allowable  stress  - 
determines  the  degree  of  safety  of  the  structure.  The  buckling  problem  presents  an  entirely  new 
aspect  -  the  investigation  of  the  potential  unstable  equilibrium  between  external  loading  and 
the  internal  response  of  the  structure'. 
Some  structural  engineers  [220,246]  recently  realised  the  similarity  between 
the  problem  of  structural  instability  and  other  instability  problems  in  nature. 
The  concept  of  bifurcation  of  equilibrium,  if  generalised,  could  also  be  useful 
for  treating  problems  in  different  fields  such  as  the  astrophysics  of  collapsing 
stars,  population  explosions  of  competing  ecological  species,  the  onset  of 
turbulence  in  a  fast-moving  fluid,  etc.  [246].  One  may  look  forward  to  the 
contributions  that  researchers  in  all  these  different  areas  may  give  to  a  better 
understanding  of  instabilities  in  general  and  the  possible  practical 
applications  which  may  arise  from  such  work. 103 
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Four  centuries  BC:  Aristotle  wrote  of  diving  bells  for  divers  -30m 
Until  1934:  Man  had  reached  only  183m 
1934:  Bebe  &  Barton  reached  923m  in  a  lowered  cast  steel  bathysphere 
1945-1970:  Intense  scientific  and  military  research: 
-  1960,  Picard  &  Walsh  reached  19910m  with  the  Trieste  I  (Ni-Cr-Mo  Bathysphere) 
-  Nuclear  powered  naval  submarines,  (  >225m)  (Quenched  &  Tempered  Steels) 
-  Deep  Submergence  Rescue  Vehicle,  (  5000  ft)  (Titanium  tri-sphere) 
1970-  :  Commercial  applications: 
-  Inspection  and  repair  of  cables,  pipelines  and  other  underwater  installations: 
submersibles  may  work  close  to  the  installation  in  a  weather-independent 
environment,  without  relying  on  long  guide  wires  and  umbilicals 
-  Oceanographic  surveying  (Scientific/  Environmental) 
-  Exploration  of  sunken  vessels  (Titanic,  e.  g.  ) 
-  Recreational  (Touristic  submersibles,  e.  g.  ) 
Figure  1-  Inner  Space  Exploration  and  Exploitation  -  Brief  History 131 
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Sections  not  contained  in  this  table  shall  be  classified  analogously. 
The  buckling  curves  put  in  brackets  may  be  assumed  for  high-strength  steels  with 
fy  >  430  N/mm2  and  t<  40  mm. 
For  transmission  towers  and  similar  structures  where  sufficient  experimental  data  exist, 
alternative  procedures  can  be  used. 
Figure  8-  ECCS  Column  Curves,  [401 
oý 
a  1.0  2.0  X 135 
ka 
100 
to 
a 
es  N=447 
1.0  f  ýjýý  Oo 
tccs 
(bI 
0-5ý  I  I*  k 
o.  to  JRA  Saue  C1ý  Cw-s 
0.15 
_  ý"'-'ti  ýa6,6 
0  O.  5  1.0  1.5  2.0  2.5 
Scatter  of  Test  Results  by  ECCS  Column  Test  (using  nominal  Py) 
Figure  9-  Column  Test  Results 
IL 
I 
e" 
IRS 
ea  t. 
$  A8 
ee  %e.  e 
Aý08. 
00 
10  100  1,000  11,000 
z 
P 
iao 
I  10  SW  saw  iv.  '. 
Z 
_ 
Figure  10  -  Comparison  between  Test  and  Theory  Figure  11-  Comparison  between  Test  and  Theory 
Cylinders  under  Axial  Comp.,  [1501  Cylinders  under  External  Pressure,  [15t 136 
kt  , 
i 
iu 
L1.  J 
---  --------- 
] 
L,.  J 
Z  X. 
Figure  12  -  Comparison  between  Test  and  Theory  Figure  13  -  Comparison  between  Test  and  Theory 
Cylinders  under  Torsion,  [1501  Clamped  Spherical  Caps,  Ext.  Pres.,  (150 
N 
H 
NI 
N_ 
0. 
W 
4 
a+  N 
r_  7 
N 
CA 
ä 
II 
., 
Z 
Fig.  14a  -  Unstiffened  and  Ring-Stiffened  in  Interframe  Mode,  11171 
6.9  A  ymm-strlc  Theory  "  l:  iýý1iý... 
aur.  b 
.., 
Symm.  tr  c 
----ý-"" 
.  iba~19.  «..  I. 
Theory  .I  TI110n  p,  u,  ""!  o  Rld  IfMtl 
0 
t.  "  ..,  000  0 
t.  l  Oý-.. 
..  1  " 
..  1 
.. 
. 
4.1 
M1 
ou  oc  A, 
=2 
EI, 
=10  L,  t  D,  L, 
e' 
=  t2 
F1 
IN 
t 
b  Gj 
UNSTIFFENEO 
CYUNOER 
O  INSIDE 
-ý 
OUTSIDE 
0 
-  UNSTIiiENCO 
D  10 
Z 
Fig.  14b  -  Ring-Stiffened  in  General  Instability  Mode,  [1181 
b 
az 
V" 
,,  Nydrosloua  Pressure  Ring  -  Stiffened  Shelf 
latuof  Pressare  "  unstilfsned  Shell  ---- 
"0.6  --  -  --------  -  .....,.  "  -_ 
.  Qe101 
101  10. 
- 
10 
G 
C 
Fig.  14c  -  Ring-Stiffened  in  Interframe  Mode,  [1381 
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Fig.  15a  -  General  Instability 
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Figure  IS.  -  Relevant  Buckling  Modes 
Fig.  15d  -  Local  Buckling  of  the  Web 138 
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Figure  19  -  Critical  Buckling  Mode  for  Long  Cylinders,  [511 
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Elastic  General  Instability,  [137] 
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Boundary  conditions:  1:  Restrained,  0:  Free 
buc  g  Buckling 
Bound.  u  v  w  uu  vv  ww  u  v  w  uu  vv  ww 
B1  0  1  1  0  0  0  *  1  1  * 
B2  0  1  0  1  0  1  0  1  0  1  0  1 
B3  1  0  0  0  1  1  1  0  0  0  1  1 
B4  0  1  0  1  0  1  **  **  **  **  **  ** 
*Cases  I  to  V:  Case  I:  all  free  (simply  supported) 
Case  II:  w  restr. 
Case  III:  u  rests.  (simp.  sup.  +axial  restr.  ) 
Case  IV:  u,  vv  restr. 
Case  V:  all  restr.  (clamped) 
**EigYnvaliie  Analysis:  The  model  has  m'2n  in  the  circumf.  direction. 
Anti-symmetry  is  used:  u,  w,  vv  restrained;  v,  uu,  ww  free. 
Riks  Analysis:  The  model  has  zt/n  in  the  circumf.  direction. 
Symmetry  is  used:  v,  uu,  ww  restrained;  u,  w,  vv  free. 
. pR/2 
Figure  20  -  FE  Models  for  Elastic  General  Instability 
'vvwB1:  Plane  of  rigid  support 142 
3 
M'-)G.  FI  CTCR  -b.  9E"Q1  0ISPI_,:  i.  E7  MEýH  OFIG:  tw..  NE-:  H 
Fig.  ZZa:  Case  I 
r 
MG.  F4C'CCR  =-o.  SE"01  DIPL,  ZCED  MESH  ORICVNPL  MESH 
Fig.  22b:  Case  III' 
ry4.  FFC'TGR  3-b.  BE402  OISPI.  AC©I  ýti  GRIGUxt.  r''ES'l 
Fig.  22c:  Case  v 
Figure  22  -  Buckling  Modes  from  FE  Eigenvalue  Analysis 
Model  3  of  [1361,  Boundary  Conditions  of  Fig.  20 143 
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Figure  23  -  Buckling  Modes  from  FE  Eigenvalue  Analysis 
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Figure  24:  Postbuckling  Behaviour  from  FE  Riks  Analysis 
Radial  Displacement  at  Mid-Compartment 
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Figure  26:  Postbuckling  Behaviour  from  FE  Riks  Analysis 
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Figure  26:  Postbuckling  Behaviour  from  FE  Riks  Analysis 
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Figure  27:  Experimental  Data  -  Elastic  General  Instability 
no 149 
ýOý-iING 
PRESSURE 
SEAL 
11111!!  1i  1(  fi4  r  y/  111 
I 
1ý  41 
ýf 
EL1jE 
ýi 
\c\-iI.... 
rpý  lq 
IriCITC 
PAESSURE  ý1 
rcrr;;  i,  rrrrrrr  TANK  r  ý  rrrrI  Cl  C?  :G  C4  CS 
Pexp  (N/mm-) 
6- 
4- 
3- 
A. 
1  .  ----- 
Exper.  with  Cl 
-.  p.  _ 
FE  without  axial  restr.  ---o- 
`"  Exper.  with  C3  "---ý3- 
'"  "ý  FE  with  axial  restr.  6 
r'  oo  CN 
LdRi 
Figure  28:  Comparison  Experimental  vs.  FE  Results 
Elastic  General  Instability 150 
Pn  (N/mm=) 
7 
6 
5 
4 
3 
2 
FE  Wirr 
FE  witl 
--ý-  FE  wit 
--x-  FE  wiU 
"'"  Experia 
tt 
ý 
lä 
1  ti 
1t 
b 
1b 
1+ 
1k 
IýO 
at  t  "+ 
"""ý  tQ  'S  t 
n=3  "'q" 
3  n=3  ý'"ti 
"  n=3  n=3  "", 
`  n=3  n22  .c 
n=2t 
n=2 
q  5  6  7  8 
3 
9 
Figure  29:  Comparison  Experimental  vs.  FE  Results 
Models  of  1741 
LdR1 
axial  restr.,  n-2 
i  axial  restr.,  ns3 
tout  axial  restr.,  n=2 
tout  axial  restr.,  n=3 
tent  0 5 
Pexp  (N/mm2) 
4s 
4 
3s 
3 
2.5 
2 
1.5 
151 
Exper.  with  Cl  ý_.. 
Exper.  with  CS'  --ýo-" 
Exper.  with  Discs 
Lc/Rj 
Figure  30:  Comparison  Experiments  of  [741  vs.  Experiments  of  [85] 
2.0 
o  Eq.  (28),  with  R. 
'Y'in 
1"  Kendrick 
1.8 
1.6 
1.4 
1.2 
1.0 
1 
. 
11 
" 
"o 
" 
" 
o 
"  " 
o 
ä 
ös  " 
"  """ 
"ý  o 
O 
" 
00  ý 
0 
" 
"O0  O  "  O 
000  '.  +  " 
00  I.  O 
" 
i7 
°ýO  " 
"a 
S 
" 
"  2  OO  Q 
O  0 
0 
O 
O 
" 
"  0 
0.8- 
0  123456 
Figure  31:  Xm,  vs.  X,  72  Experimental  Results 
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Table  1-  Limiting  Slenderness  Ratios  for  Webs  and  Flanges  [38] 
Code  BS  5500  API  D  nV 
(dam,  /t,,  )  Qyf/E 
(bf/tt)  of/E 
1.1 
0.5 
1.0 
0.375 
1.35 
0.4 
Table  2:  pn  (N/mm2),  Models  3  and  10  [136] 
Hydrostatic  Pressure  Lateral  Pressure 
n=2  n=3  n=2  n=3 
Frames  Int.  Ext.  Int.  Ext.  Int.  Ext.  Int.  Ext. 
Case  I  2.33  1.73  3.65  2.42  2.45  1.81  3.74  2.52 
Case  II  2.35  1.75  3.65  2.43  2.46  1.83  3.74  2.53 
Case  III  4.31  3.93  3.84  2.66  4.41  4.04  3.90  2.72 
Case  IV  4.32  3.95  3.84  2.66  4.44  4.06  3.90  2.72 
Case  V  4.32  3.95  3.84  2.66  4.44  4.06  3.90  2.72 
Eq.  (28)  2.06  2.01  3.29  3.13  2.09  2.03  3.33  3.17 
Kendrick  2.43  1.97  4.06  3.35  -  -  -  - 
Model  3.  (Ex  er.  )  2.96 
Model  10  (Ex  er.  )  3.17 
Obs.  tsounaary  conaiuons  accoraing  to  Figure  20 
Table  3:  Mesh  Study  for  the  Frames,  Models  3  and  10  [136] 
Case  III  Bound.  Cond.,  Ext.  Frames,  Lateral  Pressure 
Type  of  Element  Numb  of  Elts.  in  Web 
in  the  Radial  Direction 
pn  (N/mm2) 
S4R  1  2.06 
S4R  2  2.71 
S4R  3  2.83 
S4R  4  2.86 
S8R  1  2.92 
S8R  2  2.91 
Model  3  (Experimental)  2.96 
Model  10  (Experimental)  3.17 ý.  i  ý...  '.  -  It  .. 
ý.  -.  w-..  ý.  .  -...  .  _..  -".  a'ý.....  ý  ..!  "'ý  ...  ....  . 
wi.. 
ý...: 
r 
t.:  .  u..  T.:  wýä 
,. 
ý..  Lýý.....:  Jýi...:.  r. 
v. 
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Table  4:  Comparison  Experiments  vs.  FE  Eigenvalue  Analysis 
Model  Exp.  Pressure 
(N /  mm2) 
ABAQUS 
(N /  mm2) 
Exper.  /ABAQUS  n 
3  (136)  2.963  2.914  1.017  3 
10  (136]  3.171  2.914  1.088'  3 
1  (1361  3.031'  2.766  1.096  3 
5  (136]  3.275  3.100  1.057  3 
8(1361  3.583  3.152  1.137  3 
6(1101  1.296  1.403  0.924  4 
(Case  III  Boundary  Conditions) 
Table  5:  Brief  Description  of  the  Experimental  Data 
Refer.  Number  Material  Int.  /Ext.  Bound.  Hyd/Lat  Geometry 
of  models  Frames  Condit.  Pressure  Range 
[85]  24  Steel  Ext.  Various  Hydr.  Z=8.9 
3.8<L/R<10.3 
[74]  10  Steel  Ext.  Discs  Hydr.  Z=8.9 
4.8<Lc/R;  <9.3 
(136]  5  Alum.  Ext.  End  Rings  Lateral  8.9<Z<29.2 
Lc/R.  =7.0 
[109)  4  Alum.  3  Ext.  Hydr.  0.3<Z<0.6 
1  In  t.  Lc/R;  =1.0 
[941  3  Alum.  Ext.  Hydr.  1.5<Z<4.1 
1.2<Lc/R;  <1.9 
[110]  3  Alum.  Ext.  Hydr.  Z=9.3 
LC/R1=3.9 
[113]  8  Alum.  Int.  Hydr.  4.0<Z<5.5 
L'c/I=2.3 
[142]  1  Steel  Ext.  Hydr.  Z=3.9 
Lc/Rj=3.9 
(1471  2  Steel  Ext.  Hydr.  Z=3.9 
Lc/I1=3.9 
[148] 
.4 
Steel  Ext.  Hydr.  Z=7.0 
2.0<Lc/IZi<4.0 
(80]  5  Alum.  Ext.  Deep  Fram.  Hydr.  Z=2.0 
1.5<Lc/Rl<2.5 
[791  7  Steel  Ext.  Hydr.  Z=9.4 
Lc/Rj=3.5 
Obs.  More  Details  in  Appendix  I 
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0= 198 
Table  7:  pn  (N/mm2),  Case  3  of  Table  6 
t  Increased  to  46  mm 
ABAQUS  Analytical  Comparison 
n=2 
Lc(mm)  Case  I  Case  III  Eq.  (28)  Kendrick  CIII/CI  CI/Eq.  (28)  CI/Kendr. 
8827  -  -  7533  69.37  -  -  - 
11543  -  -  42.78  40.91  -  -  - 
14259  26.85  >34.28  26.62  26.45  >1.28  1.01  1.02 
n=3 
8827  26.92  31.89  29.78  28.56  1.18  0.90  0.94 
11543  23.39  26.70  24.56  24.82  1.14  0.95  0.94 
14259  21.21  23.16  22.57  23.30  1.09  0.94  0.91 
n=4 
8827  -  -  40.59  .  40.61  -  -  - 
11543  -  -  39.42  40.43  -  -  - 
14259  33.14  >37.77  39.02  40.40  >1.14  0.85  0.82 
Obs.  Boundary  conditions  according  to  Figure  20 
Table  8:  pn  (N/mm2),  Other  Cases  of  Table  6 
ABAQUS  Analytical  Comparison 
n=2 
t(mm)  Lc(mm)  Case  I  Case  III  Eq.  (28)  Kend.  CIII/CI  CI/Eq.  (28)  CI/Kendr. 
Case  2  20  9900  16.68  -24.48  15.63  16.69  1.47  1.07  1.0 
Case  4  22  11400  12.55  18.67.  11.04  11.81  1.49  1.14  1.06 
Case  5  25  20250  5.65  8.22  5.05  5.57  1.46  1.12  1.01 
Case  6  25  21170  3.35  5.99  4.04  3.82  1.79  0.83  0.88 
n=3 
Case  1  34  12880  15.92  17.78  15.67  16.29  1.12  1.02  0.98 
Obs.  Boundary  conditions  according  to  Figure  20 
Lc  was  adjusted  to  give  an  integer  number  of  frames 
t  was  increased  to  avoid  too  many  Interframe  Eigenvalues 199 
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Table  17  -  Bending  Stresses  due  to  Initial  Tilt  for  the  Geometry  of  Fig.  42  1181 
Table  17a  BENDING  STRm  DUE  To  Axis  zwniuc  (n 
®  0)  INITIAL  TILT 
(APPLIED  PRESSURE  568  psi) 
Distance 
l  b  Initial  web 
Web  defor- 
mation  an. 
Mean  stresses  (psi)  Bending  stresses(psi) 
ong  we  a 
(in.  )  tilt  (in.  )  der  pressure 
(in  )  Radial  Circum.  Radial  Circum- 
.  ferential  ferential 
0  0  0  -6229  -41,343  62,892  18,868 
1.84  0.184  0.018  -5603  -41,968  41,162  11,508 
3.68  0.368  0.062  -4943  -42,628  18,973  4338 
5"52  0.552  0.119  -4247  -43,325  -1,668  -1027 
7.36  0.736  0.176  -3511  -44,060  -19,291  -7168 
Table  17b  BENDING  STRESS  DUE  TO  SINUSOIDAL  (n  Q  3)  INMAL  TILT 
(APPLIED  PRESSURE  568  psi) 
Distance 
w  l  b  Initial  web 
Web  defor" 
mation  un- 
Mean  stresses  (psi)  Bending  stresses  (psi) 
ong  e  a 
(in)  tilt  (in.  )  der  pressure 
(in  ) 
Circum"  Radial  Radial  Circum- 
.  I  ferential  ferential 
0  0  0  -  6229'  -41,343  78,408  23,322 
1.84  0-184,  0.022  -5603  -41,968  47,558  13,162 
3.68  0.368  0.075  -4943  -42,628  16,314  3020 
5.52  0.552  0.138  -4247  -43,325  -12,273  -5908 
7.36  0.736  0.195  -3511  -44,060  -35,852  -12,881 208 
Table  I8  -  Summary  of  Khaw's  Results  (2411 
Tablel8a.  R/t  =  133  , 
LS/R  =  0.675  , 
' 
l  SIMPLE  SUPPORTED  CLAMPED 
_ 
5n/R  IR  =  C*  IR=  3*  %  LOSS  IR  =0  IR  =31  %  LOSS 
'0.00  1369.4  1287.6  6.0  1687.9  1561.5  7.5 
0.05  1273.0  1191.8  6.4  1569.2  1443.8  8.0 
0.10  1189.3  1108.6  6.8  1466.1  1341.5  8.5 
0.20  1051.0  971.2  7.6  1295.8  1172.7  9.5 
0.30  941.5  862.4  8.4  1160..  9  1038.9  10.5 
0.40  852.7  774.2  9.2  1051.5  930.4  11.5 
0.50  779.2  701.1  10.0  9G0.9  840.6  12.5 
0.60  717.4  639.7  10.8  884.7  765.1  13.5 
E/a  a  941  ,  cri/ay  =  0.110 
,'n@4.5 
CLAMPED 
iS  IR  =0  IR  =3t%  LOSS  r 
*  Ißt  =0-  without  welding  residual  s,  ý.  tr 
Pressures  in  kN/_a=  essec 
*  IR  =3-  with  welding  residual  strosses 
Table  18b  R/t  =  133  , 
LS/R  =  0.675  ,  E/c 
y= 
841  ,  arc  Ic=0.125  ,1=5.0 
6ýR 
SIýSPLE  SUPPORTED  CLAZ1PED 
IR=0  IR  =3  %LOSS  ZR=  0=  ZR=3  (  %LOSS 
0.00  1369.4  1277.7  6.7  1687.9  1546.6  8.4 
0.05  1273.0  1182.0  7.1  1569.2  1429.0  8.9 
0:  10  1189.3  1098.8  7.6  1466.1  1326.8  9.5 
0.20  1051.0  961.6  8.5  1295.8  1158.1  10.6 
0.30  941.5  852.9  9.4  1160.9  1024.6  11.7 
0.40  852.7  764.7  10.3  1051.5  916.2  12.8 
0.50  779.2  I  691.7  11.2  960.9  826.4  14.0 
.. 
0.60  :  717.4 
. 
630.4 
1 
12.1  884.7  750.9 
. 
15.1 
Table18c  R/t  =  133  ,  LS/R  =  0.675  E/QY  841  ,  Qrc/0'  ==  0.154  .  t1  -  6.0 
/R  SIMPLE  SUPPORTED  CLAMPED 
IR  =0  .. 
IR  =3 
.%. 
LOSS  'R.  0  IR  =3  %  LOSS 
0.00  1369.4  1257.6  8.2  1687.9  1516.5  10.1 
0.05  1273.0  1162.0  8.7  1569.2  1399.2  10.8 
0.10  1189.0  1079.0  9.2  1466.1  1297.2  11.5 
0.20  1051.0  941.9  10.3  1295.8  1128.9  12.9 
0.30  941.5  833.4  11.5  1160.9  995.5  14.2 
0.40  852.7  745.4  12.6  1051.5  887.4  15.6 
0.50  779.2  672.6  13.7  960.9  797.8  16.9 
0.60  717.4  611.3  14.8  884.7 
. 
722.5  18.3 209 
Table  18  Cont  d 
Table  18d.  R/t  =  133  , 
LS/R  =  0.338 
,  E/Qy  =  841  ,  arclay  =  0.154 
,nm3.0 
SIMPLE  SUPPORTED  CLAMPED 
ý/R 
T9  - 
i,  i 
TO  -  *2' 
1d 
TA[.  [.  TT  .. 
A(  TT  -AIs.  www 
SIMPLE  SUPPORTED  CLAMPED 
Sn/Rid 
IR  =0  IR  =3  LOSS  IR  =0  IR  =0  %  LOSS 
0.00  2839.7  2745.6  3.3  4077.2  3930.7  3.6 
0.05  2650.8  2557.2  3.5  3807.7  X661.7  3.8 
0.10  2485.5  2392.2  3.7  3571.6  3426.0  4.1 
0.20  2209.9  2117.2  4.2  3177.5  3032.5  4.6 
0.30  1989.3  1897.0  4.6  2861.7  2717.3  5.0 
0.40  1808.8  1716.0  5.2  2603.0  2459.0  S.  S. 
0.50  1658.3  1566.6  5.5  {  2387.2  2243.6  6.0 
0.60  1530.9  1439.5  6.0  2204.5  2061.1  6.5 
Table  l8e  R/t  =  133  , 
L. 
5/R  0.338  ,  E/a  =  841  Qý/a 
y  r=0.250  ,n=4- 
SIMPLE  SUPPORTED  CLAMPED 
$_/jZ  IR  =0f  IR  =3I  %  LOSS  IR  =0I  IR  3I  ýs  LOSS 
0.00  2839.7  2692.5  5.2  4077.2  3852.9  5.5 
0.05  2650.8  2504.3'  5.5  3807.7  3584.0  5.8 
0.10  2485.5  2339.5  5.9  3571.6  3348.5  6.2 
0.20  2209.9  2064.7  6.6  3177.5  2955.5  7.0 
0.30  1989.3  1844.8  7.3  2861.7'  2640.5  7.7 
0.40  1808.8  1664.8  8.0  2603.0  2382.5  8.5 
0.50  1653.3  1514.8  8.5  2387.2  2167.2  9.2 
0.60  1530.9  1387.8  9.3  2204.5  1984.9  10.0 
s 210 
Table  19  -  Collapse  Pressure  (N/mm2),  ABAQUS  vs.  Refs.  (23,140,142,149) 
Model  ABAQUS  Other  FE  Experimental  Element  Mesh:  ni,  nw,  nf.  nc 
Mod.  2,  [1491  6.16  I  6.58,  ADINA  6.24  S8R  6,2,  -,  24 
Mod.  3,  [1491  6.47  I  6.85,  ADINA  6.49  S8R  6,2,  -,  24 
W1,  [1421  4.52  5.17'  450  S8R  4,2,  -,  14, 
W3,  [1421  6.68  6.39"  6.22  S8R  4,2,  -,  14 
Geom  A,  [231:  1 
o-o-c  0.25%R  4.26  4.00"  S4R  4,2,2,20 
o-o-c  05%R  4.01  3.73"  S4R  4,22,20 
D92a,  (1401  1.134  1  1.135'  S8R  16,8,  -?  0 
D921,  [140]  1.15  1.138"  S8R  16,8,  -,  20 
Table  20  -  Collapse  Pressure  (N/mm2),  ABAQUS  vs.  Smith  &  Kirkwood  [721 
No  Residual  Stresses 
Calculation  o-o-c(O1oR)  n  Ref.  (721  ABAQUS 
1  0.5  2  I  4.97  5.33 
2  0.1  2  6.42  6.38,  - 
3I  0.02  2  7.04  6.37,  ' 
13  0S  3  5.94  6.23 
14  0.1  3  6.96  6.36,  " 
15  0.02  3  7.22  6.36' 
*  Pc5  =  6.23  N/mm2 
Table  21-  Collapse  Pressure  (Nlmm2),  ABAQUS  vs.  Smith  &  Kirkwood  [72] 
Welding  Residual  Stresses 
Calculation  ýl  f  o-o-c(%R)  n  Ref.  (721  1  ABAQUS  *  ABAQUS  "" 
4  2  0.02  2  5.85  5.72  6.1 
5  4  0.02  2  4.05  4.36  4.74 
16  2  0.02  3  5.92  5.69  6.05 
17  4  0.02  3  4.05  1  4.42  j  5.46 
new  4  0.5  2  3.56  3.61. 
new  4  0.1  2  4.19  4.5 
new 
new 
4 
4 
0.5 
0.1 
3 
3 
4.05 
4.42 
4.33 
5.05 
*  Residual  Stresses  Modelled  by  a  Corrected  Material  Curve 
**  Residual  Stresses  Modelled  as  Initial  Stresses 211 
Table  22  -  Interframe  Collapse  -  Empirical  Design  Curve 
Pc/Pc5  Pm/Pc5 
0.0  0.0 
0.200  0.25 
0.400  0.50 
0.600  0.75 
0.734  1.00 
0.790  1.25 
0.831  1.50 
0.865  1.75 
0.894  2.00 
0.9:  9  2.25 
0.941  2.50 
0.960  2.75 
0.977  3.00 
0.992  3.25 
1.004  3.50 
1.017  3.75 
1.028  4.00 
1.038  4.25 
1.047  4.50 
1.055  4.75 
1.063  5.00 
1.070  5.25 
1.077  5.50 
1.084  5.75 
1.091  6.00 
1.098  6.25 
1.105  6.50 
1.112  6.75 
1.119  7.00 212 
ä 
o  0  N  G  ý  N 
ý 
O  P  O  j  O  O  O  ý  Qi 
C  ä  o  ä  ä 
nr 
z 
n 
O  n  n  O  9  O 
i  n 
(3 
O  n 
C. 
o  O  O 
14 
< 
n  n 
Q  n'  Cl' 
. 
0 
`O 
0 
`O 
o 
`0  cr, 
bo  a. 
.a 
V 
w  C, 
w  a' 
ýo 
-  'ý' 
n  1 
"ý  cn  cN  W  r+ 
CN  CJI  Vl  0o  "o  fV  Vl  .P  '  G1 
W 
O 
O 
(O 
O 
ýO 
O 
co 
a 
I  00 
W 
ýO 
r 
ýO 
Qo 
00 
ýO 
:O 
ON 
/O 
.O 
` 
I 
V  03 
o  W  N 
Qn  ca  c  n  Ul  W  .+  W  W  C%  V 
C  V  C  lt 
O 
110 
O 
%ýo 
O 
%o 
F,  V  C1  Oý 
c-n 
C% 
ui 
"o 
CR  00 
W 
.  "+ 
Cn 
r-+ 
W 
N 
Qq 
Ati 
Cn 
4ý1. 
` N  ýj  *14  CQJI 
N  W 
O  P 
O 
P 
O 
W 
SVA. 
.  A. 
W 
ýA 
Cý 
W 
000 
,  fa  ýLi 
W 
N 
i 
N 
Ö  ý!  t 
W 
N  .  A. 
Cn  W  N 
O 
C 
C 
(O 
O 
(.  O 
O 
cO 
W  W  A  W  W  ,  ra  N  co  N  W 
(.  n  Ä  co 
p 
V 
Cn 
""' 
:  p.. 
V 
N 
º-ý  GVG 
W  N  N 
ý  V 
Gý 
pp 
pia 
N  dl 
O 
O  O  O  N  W  CJ1  N  W  dl  W 
N  ýA 
a  CVJi  00 
00  " 
ý  C'  N  W  W  Qý 
N 
0 
O 
O  O  O  W  W  W  W  W  W 
Oý 
W 
N 
^W. 
CN  W 
e  C 
Cn 
W 
N 
Op 
W  N  V 
O 
a a 
V 
EI 
CA  C. 
-A 
e 
öz 
0.  ö  aa 
0-  CA  Ma  b 
C  rý 
(I, 
N 
N. 
fD 
Ný 
M 
a 
º-r 
H 
W 
C1' 
r. 213 
I 
-CC 
"-"  a  (Tt  CTi 
I 
O  Cn  Cnl  0  n  .  -,  cn 
ý.  cn  CT  ;  u'  a  t 
(7  t/ý 
r0 
N 
n 
I~7 
ýn 
.p  ºý 
W 
-  L3  Cri  N 
rý 
fyif 
y 
Iý7 
N  n 
,  A. 
^  "'  öi  N  N 
ý' 
N  u  ,  ý  n  c 
`r 
n  Vý 
I  y  vv  n  11t 
(4  '- 
N  N  W 
QNý " 
Gl  W 
W 
W 
01% 
C% 
w 
W 
;A 
CJt 
Zn 
w  `+ 
ä  W  b%  W  r  W  b 
Cl.  00 
p 
Cn  V  (7%  , 
ö 
to  .  ºý.  W 
Vy  A'  Cý  W  5r%  so  W 
cc 
.A 
a 
Oo  co  Nj 
ýi 
'  ý 
V  Ö  . 
- 
W  W  % 
-' 
W 
I'D 
V  1`'ý  8,  '  W 
.+ 
Ö 
C1t 
W  N 
p 
C 
W  W  .  is  W  ts  cc  W  .  ia  Qý  A.  C%  N  Qý  i 
C% 
N  W 
°' 
Qý  Öo 
W  e  N 
GN\ 
V 
ý, 
00  V  ýj  IN1W 
i  C  +  ö  I 
1 
I 
ý  I  I 
' 
t 
ýD  O 
W 
W 
G1 
W 
Q% 
W 
N 
ýO 
ýO 
º+ 
p+ 
a1 
;,,  r 
W 
L+ 
Vt 
W 
ýO 
00 
W 
W 
ýO 
tj, 
N 
(:  N 
O  W  Cý  N  J:  ý. 
N  N 
N 
W 
N  N  N  N 
r.  + 
N  W  W  N  N  `nj  co  S  W  w 
00 
- 
CIO  O  -i  N 
CV\ 
N  Q  N  CJt 
C'  O 
￿r  ... 
N 
"r  º-+ 
OV 
r 
0 
00 
00  N  N 
Gn 
N 
ýA 
N 
W 
N 
W 
`nýj 
N 
w 
co  Cýý 
V  ,  A. 
N  W  CT 
V  o 
N  N 
C% 
W 
QN 
W 
P 
zPlb 
r 
Q 
N 
N 
CN 
W 
N 
W 
Q, 
W 
CJ7 
ý  "'ý 
k  H  H  H  H 
0%  ON  10  ýn  w 
C, 
1 
.  4. 
I  I 
PS  fil 
A. 
1,3 
ý  00  I  I  N  ý  I  (7,  N 
N  %  I  I 
00 
O  p 
p 
ö  C n  ä 
90  I 
I 
Co 
oo  ý  I  I  00 
u,  N 
ä  CC 
cn  c% 
C 
N 
Zý 
.  r> 
äC 
ý"  C 
G  5ý 
. 
Z 
r 
N 
Q 
h 
V 
J 
M 
ºr 
n v 
n 
C; 
r3 Iy 
W 
C,, Iý 
J 
c 
0 
0 
ö 
n  b 214 
S 
IIIII 
iý 
II 
WW 
zz 
1y 
.rN  N 
N 
0 
Cil  03 
r 
. 
r+ 
CO  X 
C'  - 
).  -A  X 
XN 
N 
00 
2) 
G  V  om 
Cr  Qý  CTS  n  A  W  N  ..  + 
N  :+ 
s  a 
0  N  co  00  00  V  V  CJl  pia  CTS  V 
`C7 
in 
,p  V  ,p 
A.  W  W  W  W  Qý  ýO  Qý 
^ 
co 
W 
'ý  tll  "r  .P  A  CJý  CJl  W 
N 
v 
Cn 
v 
CO 
V  w 
Cn 
GO 
.P 
Ij 
V 
tý 
CN  . 
ý-" 
CT 
V  O 
.. 
n 
5 
N 
Qý  01  O  O  O  O  N  O 
00 
" 
Gý 
CO 
ýA" 
Gý 
N 
'I 
N 
co 
Oý 
iA. 
ýA 
O 
ý 
ýA. 
Ä. 
O 
A 
ii]. 
ýa 
N 
A 
A. 
W 
O 
ýA 
iA 
:  {a 
O 
pia 
iA. 
l1 
O 
O 
iA 
Ü1 
Gý 
O 
ýA. 
.  Ls 
ýA 
G 
ý 
.' 
O 
N 
0% 
,,, 
61 
W  C11  C11 
N  N 
ýA 
ýO 
ýA. 
ýO 
ýA 
ýO 
Oý  ýO 
tVJI 
V 
co 
CL 
W 
ti 
4A. 
ýo 
.  L1  kA  bA  ktý.  Q' 
W 
-,  O 
.  fa 
O\ 
ýO 
in. 
QJ 
T 
00 
00 
00 
w 
00 
W 
N 
t, 
ýp  ýO  W  i-+  ýp 
º.  +  N 
"O 
W  00 
-3 W 
N 
Öb 
n 
1Q 
CA 
ºt 
r9 
ºe 
n.. 
1J 
N 
ýy 
b 
b LW 
Table  26  -  Statistical  Properties  of  the  Basic  Variables, 
*  Lc  adjusted  to  just  meet  the 
BS5500  criteria  for  frame  yield 
Variable  Distribution  c.  o.  v.  (%) 
Gyp  Log-Normal  432 
Qyr  Log-Norval  4.61 
E  Normal  2 
R  Normal  3 
t  Normal  3 
L  Normal  3 
dW  Normal  3 
t,,,  Normal  3 
bt  Normal  3 
tf  Normal  3 
Lc  Normal  3 
0-0-c  Normal 
. 
(68) 
Xm  (  Normal  see  text 
Table  27  -  Sensitivity  Studies,  Flange  Yield 
variable 
+  Case  1  Case  2b  Case  3(  Case  4  Case  5 
Xm  0.92  0.94  0.91  0.78  0.94 
C'yf  0.21  I  0.20  0.20  0.16  0.18 
S.  (n=2) 
-0.07  -022  -0.06  -037  -0.02 
Sn  (n=3)  -0.18  -0.07  -0.14  -0.09  -0.13 
Xtn1,  (n=2Y  0.02  0.14  0.02  0.36  0.01 
R  -0.13  -0.15  -0.12  -0.19  -0.11 
Values  of  a.  1 
Case  1  Case  2b  Case  3  Case  4  Case  5 
Xm.  1.1/0.6  1.1/0.53  1.1/059  1.1/0.68  1.1/0.49 
ßyf  (N/mm2)  550/524  615/586  540/513  390/376  390/371 
Sn  (n=2)(mm)  7.88/927  3.94/624  7.88/9.26  I  3.94/7.62  5.32/5.71 
Sn  (n=3)  (mm)  3.56/522  1.78/2.13  3-56/5  1.78/2.2  2.4/333 
Xm1  (n=2)-  1.1/1.09  1.1/1.01  1.1/1.09  1.1/0.88  1.1/1.1 
R  (mm)  4000/4079  2000/2047  4000/4079  2000/2056  2700/2751 
Values  of  x,  x* 
"  Case  1  Case  2b  Case  3  Case  4  Case  5 
Xm,  054  0.48  0.53  0.61  0.44 
ßyf  0.95  0.95  0.95  0.96  0.95 
Sn  (n=2)  1.18  1.58  1.18  1.94  1.07 
Sn  (n=3)1 
Xm1,  (n=2)1 
1.47 
0.99 
1.2 
0.92 
1.4 
0.99 
1.24 
0.80 
1.39 
1.00 
R"  1.02  1.02  1.02  1.03  1.02 
Values  of  PSF 
4.942  5.108  5.476  4.932  5.903 216 
Table  2S  -  Sensitivity  Studies,  Plate  Yield 
Case  1  Case  2b  Case  3  Case  4  Case  5 
Xn  0.97  ý  0.97  0.98  0.96  0.98 
ßyp 
, 
0.16  0.17  0.15  0.13  0.14 
Sn  (n=2)  -0.03  -0.10  -0.02  -0.14  -0.01 
Values  of  . 
(Xi-. 
Case  1  I  Case  2b  Case  3  .  Case  4  Case  5 
;  (m  I  1/0.53  1/0.55  1/0.48  1/0.46  1/0.42 
oyp(N/mm2)  1  550/535  595/579  1  540/525  390/381  390/379 
$n  (n=2)(rrmm)  7.88/8.32  3.94/4.64  7.88/8.23  3.94/5.17  5.32/5.40 
Values  of  x,  x* 
Case  1  Case  2b  I  Case  3  Case  4  Case  5 
Xi  0.53  0.55  0.48  0.46  0.42 
ßyp  0.97  0.97  0.97  0.98  0.97 
6n  (n  =2)  1  1.06  1.18  1.05  1.31  1.02 
1  Values  of  PSF  I 
3.745  1  5.108  1  5.476  4.932  5.903 
Table  29  -  Sensitivity  Studies,  Interframe  Shell  Collapse 
Case  1  Case  2  Case  3  Case  4  Case'S 
Xm  0.97  0.97  0.97  0.97  0.97 
ßyp  0.12  0.12  0.12  0.12  0.11 
t  0.14  0.14  0.15  0.17.  0.16 
Values  of  ai.,  . 
Case  1  Case  2  Case  3  Case  4  Case  5 
Xm  1.06/0.59  1.06/0.61  1.06/0.59  1.06/0-58  1.06/0-56 
YP(N/mm2)  550/540  595/585  540/531  390/383  390/383 
t  (mm)  34/33.6  18/17.8  34/33.5  17.9/17.6  25/24.6 
Values  of  x,  x* 
Case  1  Case  2  Case  3  Case  4  Case  5 
Xm  0S6  0.57  0.56  0.54  0.53 
Qyp  0.98  0.98  0.98  0.98  0.98 
t  0.99  0.99  0.99  0.98  0.98 
Values  of  PSF 
3.123'  3.012  3.124  3.243  3.343 217 
Table  30  -  Sensitivity  Studies,  Tripping 
Case  1  Case  2I  Case  3  Case  4  Case  5 
XM.  0.98  0.98  0.99  0.99  0.99 
ayf  0.13  0.12  0.12  0.09  0.10 
Values  of  Cti 
Case  1  Case  2  Case  3  Case  4  Case  5 
Xm;  1.0/0.45  º  1.0/0.45  1.0/0.42  1.0/031  1.0/0.31 
ayf(N/mm2)  550/538  (  615/602  540/528  390/382  390/382 
Values  of  x,  x" 
Case  1  Case  2  Case  3  Case  4  Case  5 
Xm-  0.45  0.45  0.42  0.31  0.31 
6yf  '  0.98  0.98  0.98  0.98  0.98 
Values  of  PSF 
ß'  3.71  3.733  3.921  4.647  4.367 
º 
upper  Ditl.  (%a)  º  0.109  º  0.157  I  0.095  0.06  º  0.042 
Table  31-  Material  Properties 
Material  P  (ton/m3)  °Y  (N/mm2)  E  (Ki  /mm2) 
HTS  (EH-36)  7.8  355  207 
HY80  (Q1N1)  1  7.8  550  1  207 
HY100  (Q2N)  7.8  690  207 
HY  130  (Q3N)  7.8  890  207 
Aluminium  L65  2.8  390  70 
Titanium  6.4  1  4.5  _  830  (  110 
Table  32  -  Risk  of  Death  (1721 
Risk  of  Death  Hours  of  Risk  of  Death  Ratio  of 
per  Hour  per  Exposure  per  per  10"  Wounded  to 
Exposure  10"  Persons  Person  Exposed  Exposed  Person  Number  of 
Exposed  per  Year  per  Year  Deaths 
Mountain  2700  100  27 
climbing 
(international) 
Trawl  fishing  59  2900  17 
(deep  sea, 
1958.1972) 
Flying  (crew)  120  1000  12  << 
Coal  mining  21  1600  3.3 
Automobile  56  400  2.2  20 
travel 
Construction  7.7  2200  1.7  450 
Flying  120  100  1.2  << 
(passengers) 
Home  accidents  2.1  5500  1.1 
Factory  work  2  2000  0.4 
Building  fires  0.15  5500  0.0&  S 
Structural  0.002  5500  0.001  6 
failure 218 
Table  33  -  Average  Reliability,  No  Overdiving 
I  Avers  Pf  Average  ß(  a  min  ß  max 
Flange  Yield  -  MoD  2.01E-07  5.08  4.89  5.90 
Tange  Yield  -  0.05%  2.67E-05  4.04  3.60  4.77 
Plate  Yield  -  MoD  5.15E-05  3.88  3.56  5.01 
Plate  eld-0.05%  1.15E-04  3.68  3.34  4.91 
Tripping  4.23E-05  3.93  3.71  4.99 
Interf.,  1<Pm/Pc5<2.5  6.90E-04  3.20  3.01  3.74 
Interf.  ,  Prn/Pc5'  >  2.5  2.10E-07  5.07  4.73  7.34 
Table  34  -  Average  Reliability,  15  %  Overdiving 
Average  Pf  Average  13  I  ß  min  ß  max 
Flange  Yield  -  MoD  6.42E-06  4.37  4.14  5.42 
Flange  Yield  -  0.05%  3.87E-04  3.36  2.94  4.01 
Plate  Yield  -  MoD  4.48E-04  3.32  2.95  4.60 
Plate  yield  -  0.05%  9.69E-04  3.10  2.70  4.49 
Tripping  2.18E-04  3.52  3.26  4.74 
Interf.,  1<  Pm  Pd<2.5  3.98E-03  2.65  2.44  3.27 
Interf.  , 
Pm  Pö  >  2.5  2.03E-05  I  4.11  3.72  6.62 
Table  35  -  Average  Reliability,  30%  Overdiving 
Average  pf  Average  ß  ß' 
min  max 
Flange  Yield  -  MoD  1.17E-04  3.68  3.42  4.67 
Flange  Yield  -  0.05%  3.40E-03  2.71  2.20  3.30 
Plate  Yield  -  MoD  2.78E-03  2.77  2.35  4.19 
Plate  yield  -  0.05%  5.87E-03  2.53  2.07  4.06 
Tripping  9.48E-04  4 
3.11  2.82  4.49 
In  erf.,  1<Pm/Pc5<2.5  1.69E-02  2.12  1.88  2.81 
Interf.  , 
PmýP5  >  2.5  6.77E-04  1  3.20  2.75  I  5.92 219 
Table  36  -f  for  Format  I,  No  Overdiving 
f  ß  min  ß,  max 
Flange  Yield  -  MoD  2.02  4.66  5.30 
Flange  Yield  -0.05%  1.74  3.57  4.43 
Plate  Yield  -  MoD  2.08  3.84  3.93 
Plate  yield  -  0.05%  2.00  3.61  173 
Tripping  2.48  3.94  3.96 
Interf.,  1<  Pm/Pc5<2.5  1.81  3.15  3.26 
Interf.,  Pm/Pö.  >  2.5  1.40  3.15  3.26 
Table  37  -f  for  Format  I,  15%  Overdiving 
I  f  ß  inin  R  max 
Flange  Yield  -  MoD  1.75  3.85  4.50 
Flange  Yield  -  0.05%  1.55  2.99  3.74 
Plate  Yield  -  MoD  I  1.80  3.21  3.30 
Plate  yield  -  0.05%  I  1.75  3.05  3.17 
Tripping  2.15  3.50  3.51 
Interf.,  1<Pm/Pc5  <2.5  1.55  2.57  2.65 
Interf.  , 
Pm/Pc5  >  2.5  1.30  2.57  2.65 
Table  38  -f  for  Format  I,  30%  Overdiving 
fI  nux  a 
Flange  Yield  -  MoD  1.55  3.19  3.82 
Flange  Yield  -  0.05%  1.35  2.26  2.89 
Plate  Yield  -  MoD  1.60  {  2.68  I  2.76 
Plate  yield  -  0.05%  1.55  2.48  2.59 
Tripping  1.90  3.08  {  3.10 
Interf.,  1<pm/Pc5<2.5  1.40  {  2.12  2.31 
Interf.  , 
Pm/Pct'  >  2.5  1.25  2.12  {  2.31 
Table  39  -  Comparison  with  Present  Practice 
7I 
_12Lj 
?f  maxi  Present 
Flange  Yield  -  MoD  1.55  1.75  2.02  -- 
Fiange  Yield  -  0.05%  1.35  1S5  1.75  1.8 
Plate  Yield  -  MoD 
Plateyield  -  0.05% 
Tripping 
1.6 
1.55 
1.9 
1.80 
1.75 
2.15 
2.10 
2.00 
2.50 
- 
.. 
Interf.,  1<'pm/Pct<2.5  1.4  1.55  1.80  1.75 
Interf.  ,  Pm  Pd  >  2.5  1.25  1.3  1.40  1.75 
Fmax=130  F=1.15  i 220 
APPENDIX  1 
Experimental  Results,  Machined  Models 
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APPENDIX  2 
Analytical  Solution  for  the  Elastic  Tripping  Pressure 236 
A)  FLANGED  FRAME 
The  main  assumptions  are: 
The  frame  remains  circular  along  its  curve  of  attachment  to  the  shell 
plating 
The  rotational  constraint  provided  by  the  shell  is  first  calculated 
assuming  the  shell  is  stable;  it  is  then  assumed  to  decrease  linearly  with 
the  ratio  pt/pm  valid  for  pt  up  to  2pn,  to  allow  for  destabilising  actions 
arising  from  Von  Mises  buckling  of  the  shell 
The  mode  number  n  for  the  complete  left  and  right  tripping  waves  of 
the  ring  frames  coincides  with  the  Von  Mises  mode  n  and  wave  length. 
This  has  been  verified  in  F.  E.  eigenvalue  buckling  analyses 
Web  deformation  is  allowed  for.  A  deformation  function  is  assumed  for 
the  web  and  any  point  on  the  web  centerline  is  described  in  terms  of  us 
and  ßs  of  the  shear  centre  of  the  section,  assumed  in  the  centre  of  the 
flange,  Fig.  A2.1 
The  relation  between  external  tripping  pressure  pt  and  the  tripping  stress 
at  is  that  arising  from  the  axisymmetric  hoop  stress  at  the  frame  centroid 
making  allowance  for  normal  axisymmetric  stable  deformations  of  the 
pressure  hull  shell  and  framing:  pt  =  at  /  4.  Variation  in  this  stress  is 
then  ignored  throughout  the  frame  cross  section.  Radial  stresses  acting  at 
the  frame  are  also  neglected 
Adamchack  [104]  assumed  the  deformation  function  of  a  beam  cantilevered 
at  the  flange  and  loaded  by  a  force  and  a  moment  at  the  other  end: 
2i2s 
uW.  o.  s  Z  d2  -sc'd  1-d  u,  +  d  dz-1  +c'd  1-d  dC  s 
d<  <<  (a2.1) 237 
us,  ßg-  Displacement  and  rotation  of  the  shear  centre 
u,  w  -  Displacements  in  the  x,  z  directions  of  a  point  in  the  cross  section 
uw  -  Displacement  in  the  x  direction  of  a  point  in  the  web 
Figure  A2.1  -  Geometry  and  Notation  (Appendix  2) 
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Cdc 
1 
4D 
where:  C'= 
+ 
CdC  (a2.2) 
4DW 
and  C=Con(1-Pt/Pm)i  (a2.3) 
The  factor  C'  in  the  deformation  function  leads  to  a  solution  in  the  form  of  a 
polynomial  of  the  6th.  degree.  So  in  this  derivation  a  deformation  function 
corresponding  to  a  beam  cantilevered  at  the  flange  and  loaded  only  by  a 
simply  supported  force  at  the  other  end  was  assumed: 
i 
uW  =us-ßs(d,  -z)-0.5(u,  -ß,  d,  )  dd  z  3- 
dd  z  (a2.4) 
The  rotation  of  the  toe  of  the  web  is  then: 
y=1.5  (u3-ß,  d,  )/d,  (a2.5) 
The  strain  energy  stored  in  an  element  of  the  web  with  thickness  t`,,,  and 
length  dy  is: 
EI  d°  (du  21  Eta  i  dV  =2f  dz 
)dz 
=2  4d, 
(u.  -  ßadý)  (a2.6) 
o 
The  total  strain  energy  is  given  by: 
V  =11  2J 
EIZu,  ''2+EF20,  º.  2+Go  Tßs'2+C[ßs  dý}2  + 
Et  3 
(u.  -  ß,  d,  )2  Y 
0  4dc 
(a2.7) 
where  primes  indicate  derivatives  in  relation  to  y.  . 
The  potential  energy  of  the  load  is  given  by: 
Uw  =' 
2  fff  ßt(u2  +w2)  dxdzdy  (a2.8) 239 
For  the  flange:  u=  us,  w=  -x(3s.  For  the  web:  u=  uw,  eq.  (a2.4),  w=0 
Substituting  (a2.9)  into  (a2.8)  and  doing  the  proper  integrations: 
(a2.9) 
1 
UW  Jt  us,  Z  A.  _L  tWdý  +ß3I2  I,  -11  detW  -2u,  'ß,  ' 
3  dýtW  dy  (a2.10) 
20  35  35  35 
The  total  potential  is  U=V+U,,,  =2  (D  dy,  eq.  (a2.7)  +  eq.  (a2.10) 
The  theorem  of  stationary  potential  energy  requires  the  above  integral  to  be  a 
minimum  and  leads  to  the  following  two  Eulerian  equations: 
d  ao  d2  aý 
äcD  anus' 
aau3"  =0  au,  Y  y2 
(a2.11) 
d  aý  a2  aý 
äßs 
+ 
aß2  =0  (a2.12)  aßs  yY 
doing  the  proper  differentiations  we  obtain: 
Eta  9C  18  i￿ 
- 
EtW  1  9C  3 
4d2 
u'  +  at  As  -  35 
tWdý  us  +EIus 
4d3  +3 
4d2 
ß'dc  -a,  35 
de  t`"ß'  =0 
ccc 
(a2.13) 
Et  3+1  9C 
usdc  +  6t 
3  dctwus￿_  Et  3+1  9C 
ßsdc  +  G,  r_a, 
(2 
Is  -11  dctw  13 
(41d 
ß3 
4dß  35  4dc  9  4dß  35 
-Er2P, 
'"  =0  (a2.14) 
by  assuming  us=uosin(nO),  ßs=ßosin(n6),  8=y/Rm,  and  regrouping,  we  obtain 
a  set  of  two  homogeneous  equations: 
Dl  uosin(nO)+D2  ßosin(nO)  =0 
E1  uosin(nO)+E2  ßosin(n9)  =0 
(a2.15) 
(a2.16) 240 
Nonvanishing  solutions  for  uo  and  13o  can  only  exist  if  the  determinant  of  the 
coefficients  of  these  equations  is  zero:  D1E2  -  D2E1=0  (a2.17) 
Eq.  (a2.17),  using  C  given  by  (a2.3),  will  lead  to  a  quadratic  equation  in  a,  and 
consequently  a  solution  in  the  form: 
b-  b2  -  4ac 
,  Eq.  (46)  of  the  main  text,  repeated  2a 
where: 
R  (c5c3_c)+c2c6 
4Pm 
m 
b''  c2c6  +  c,  c7  +  G'  J+  Er2 
n 
2C3 
n2 
Rm  Rte, 
z 
+ 
4cle  Rm 
. 
9ýpm  n 
C3=A,  -35t,  dc 
2Z  )4]+Erl  2 
lc2d2 
n+  G'  J+  EI2 
Rn  cl  +  c2  +  EIZ 
Rn 
ýn 
cl  + 
ý- 
9  Rte, 
ý,  ý, 
R9 
Et3  9C0 
C1  =ä  C2  = 
4d2 
2-I  A'd`  ý  dctw  3 
C6  -g+g 
c7  =  Is  +bftfd2 
\2r  2 
Pm 
+ 
Pm, 
+  Er 
R., 
äc 
[icJ 
+9 
32  11  3  Ca=35dctw  c5=I,  -35dctW 
B)  FLAT  BAR  FRAME 
The  same  procedure  is  followed,  but  with  us  and  ßs  representing  the 
.. 'displacements  of  the  flat  bar  extremity  and  the  strain  energy  given  by: 241 
I  d., 
V= 
1DW  Jf  [(v 
+vu)Z-2(1-v)(v  v  v2  )]dzd  +11C  2d 
200  yy  Z:  y:  y2f7Y  (a2.18) 
The  subscripts  now  indicate  differentiation.  The  elastic  tripping  stress  has 
again  a  quadratic  form: 
_E 
(tw2bJb2_4ac 
at  12ý  _  V2)  dW  2a 
and  is  a  function  of  3  parameters: 
ER  dW 
2 
Co,,  d, 
ý  a,  = 
I--- 
a2  = 
Eta 
mW 
since: 
a=  ai  + 
75 
asap 
a3 
Coll 
4Pm 
wt  w 
b=  225(1-  v2)ala2  +  2ai  +  90(1-  v)ai  +  525aI  + 
ý4 
a3[84+ 
5 
a,  (3  -  5v)  +  a, 
c=  ai  +90(1-v)a3l  +[1029-21(2+5v)2]a,  +3150(1-v)al 
+225(1-v2)a2  84+ 
5 
al(3-5v)+ai 
C)  COEFFICIENTS  OF  EQ.  (45)  OF  THE  MAIN  TEXT 
(a2.19) 
If  the  deformation  function  of  Eq.  (a2.1)  is  used,  a  solution  in  the  form: 
a2t 
(k2k4 
-  k6)  +  at  (klk4  +  k2k3  -  2ksk6)  +  (klk3 
-  k5)  =  0,  Eq.  (45)  repeated 
The  coefficients  kl-k6  are  given  by: 242 
For  tee  frames: 
i2 
k1=EI 
Z  +3 
d3  n  (1+3C') 
k-  _  -A  +d 
18 
+ 
19C'  3Ci2 
`t'"  35  140  140 
z 
k3  =G'j+Er 
n 
+3D`" 
2 
1+C 
te, 
dc  n3 
'2 
k-  -I  +  d3t  11 
+C-C  4-`  `"  35  84  420 
k5  =3 
d2  n2  (1+C') 
3_  17C  C'2 
k6  =  dctW 
35  420 
+ 
140 
For  flat  bars: 
k,  = 
D`"  (-nR-dr-w  R2 
3(1+3C')+3 
dW  2 
4C'+C'2  n  dW  4  17  19C'  3Ci2 
dW  5  Rý,  Rý,  35  140  140 
117_  19C'  3Ci2  4-C'+C'2  tW 
)2] 
k2  =  -dWtW 
[35 
140 
+ 
140 
+ 
40  d 
W 
kDd 
Rm  2 
[3+C'+  n  dW  2  6-3C'+Ci2 
+n 
dw  42  C' 
+ 
Ci2 
3  `"  `"  n  dW  Rm,  15  Rm  105  84  420 
k  --d3  t2  -C+C'2+6-3C'+C'Z 
t_ 
4  `"  `"  105  84  420  360  dW 243 
ýý2 
k5=-DW 
R"'  2 
[3(1+3C')+  n  dW  22+v-2C 
+C 
n  dW  Rm  555 
+dW 
a317C'+C'ZI 
te, 
35  420  140 
k=  d2tW 
3 
-17C'  + 
C'2 
+ 
2-2C'+Ci2  tt 
2 
6  35  420  140  120  dW 244 
APPENDIX  3 
Experimental  Results,  Welded  Models 
failing  by  General  Instability 245 
The,  App.  3 
Reference  R,  L,  L,  t  dW 
mm  mm  mm  rrun 
(143]-1  56.60  95.0  24.00  0.370  1.670 
(143]-2  56.60  83.1  21.02  0.420  1.820 
'(143]-3  56.60  83.0  21.11  0.440  2.010 
[1431-4  56.60  83.0  21.11  0.540  2.210 
[143]-5  56.60  83.1  21.00  0.540  2.420 
[143]-6  5650  84.2  21.31  0.630  2.010 
(143]-7  56.60  94.8  24.01  0.620  2.480 
(143]-8  56.60  84.2  21.40  0.720  2.290 
(143]-9  56.60  84.2  21.40  0.820  2.700 
[143]-10  56.60  114.0  I  23.00  0.380  1.590 
[143]-11  56.60  104.0  21.01  0.440  1.820 
(143]-12  56.60  104.2  21.01  0.440  2.010 
(143]-13  1  56.60  104.1  ý  21.00  0.520  2.200 
[143]-14  56.60  104.0  21.02  0.520  2.400 
(143]-15  56.60  105.6  21.39  0.610  2.270 
[143]-16  56.60  105.6  I  21.39  0.670  2.690 
[143]-17  56.60  95.1  15.98  0.320  1.380 
[143]-18  56.60  95.0  15.99  0.620  1.980 
[1261-7  159.61  120.0  24.00  0.600  5.000 
(126]-8  159.64  120.0  24.00  0.600  5.000 
[1491-1  110.00  480.0  40.00  2.700  8.000 
[1491-2  110.00  480.0  40.00  2.700  8.000 
[149]-3  110.00  480.0  I  40.00  2.700  8.000 
(124]-Rl  160.00  200.0  40.00  0.600  4.800 
[124]-R2  160.00  200.0  40.00  0.600  4.800 
(1471  495.00  1920.0  100.00  5.000  24.000 
(142]  495.00  1920.0  100.00  5.000  40.000 
[148]-1  482.50  1470.0  163.00  7.500  38.000 
[148]-2  48250  1960.0  163.00  7.500  44.000 
[139]-15  189.74  4876.8  1209.93  12.573  42.672 
(139]-16  194.54  4876.8  811.91  7.899  35560 
[1391-17  196.47  4876.8  805.05  6.604  33.020 
[139]-18  196.19  4876.8  1236.27  6.629  36.830 
(1391-19  299.06  4876.8  121559  4.978  33.528 
[139]-20(int)  29957  4876.8  1224.41  4.978  33.020 246 
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twý  lbf  tf  E 
mm  mm  mm  I  N/  mm2)  (N  /  mm')  (N  mm) 
1.000  0  0  196000  282.20  0.949 
1.020  0I  0  196000  279.30  1.291 
1.010  0  0  205800  257.70  1.330 
1.010  0  0  205800  257.70  1.779 
0.990  0  0  205800  2.57.70  1.981 
1.310  0  0  205800  257.70  2.084 
1.210  0  0  196000  282.20  2.248 
1.400  0  0  205800  257.70  2.565 
1.400  0  0I  196000  282.20  3.320 
1.000  0  0  196000  282.20  0.654 
1.010  0  0  205800  257.70  0.944 
1.010  00  205800  I  257.70  0.937 
1.000  0  0  205800  257.70  1.750 
1.020  0  0  205800  257.70  1.843 
1.390  00  196000  282.20  1.991 
1.390  10  0  196000  282.20  2.820 
0.780  0  0  196000  282.20  0.838 
0.990  0  0  196000  282.20  2.171 
0.600  6  0.6  205000  376.00  1.860 
0.600  0  0  205000  376.00  1.560 
5500  0  0  71000  250.00  7.140 
5.500  0  0  71000  250.00  6.240 
5.500  0  0  71000  250.00  6.490 
0.600  0  0  208000  387.00  0500 
0.600  0  0  208000  387.00  0550 
5.000  0  0  1  215600'  561.54  4.498 
5.000  0  0  205800  561.54  6.223 
8.200  0  0  199000  1420.00  18.320 
8.200  0  0  (  199000  1420.00  18.099 
12.830  0  0  204092  301.30  11.377 
6.990  0  0  198576  315.10  5.378 
9.780  0  0  194439  312.30  3.758 
6.910  0  0  199955  307.50  2.772 
5.030  0  0  189612.5  310.96  0.683 
5.210  0  0  1896125  310.96  0.621 247 
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-L  nj  P  Eq.  (28)  IN  P  /Pc 
experim.  (N  /  nim2)  (N  /  mm=)  (N  /  rnm=)  (N  /  mm=) 
6  1.793  3.434  2.290  0.473  0.264 
7  2.034  3.752  3.730  0.660  0.324 
5  1.969  3.661  4.730  0.689  0.350 
6  2.453  4.211  6560  0.876  0.357 
6  2.455  4.312  7.640  0.976  0.398 
6  2.907  4.773  7.200  0.958  0.330 
7  3.054  5.443  7.820  1.152  0.377 
6  3.363  5.435  10.420  1.265  0.376 
6  4.254  6.747  15.010  1.750  0.411 
6  1.844  3.420  1.860  0.443  0.240 
6  1.972  3537  3.280  0.568  0.288 
6  1.970  3.660  3.960  0.681  0.345 
6  2.357  4.107  5.380  0.807  0.342 
6  2.357  4.250  6.340  I  0.932  0.396 
6  3.075  5.404  7.070  1.223  0398 
5  3.416  6.010  9.830  1.585  0.464 
7  1.600  2.752  1.760  0.376  0.235 
6  3.310  4.790  6.450  1.026  0.310 
9  1.677  2.678  8.650  2.119  1.264 
10  1552  2.087  3.380  1.186  0.764 
3  7.315  11.500  10.970  4.360  0.596 
3  7.315  11.500  (  10.970  3.631  0.496 
3  7.315  11500  I  10.970  3.922  (  0.536 
1.435  2.164  2.090  0.085  0.059 
1.435  2.164  1.410  0.093  0.065 
3  6.463  8.852  4.770  2.570  0.398 
4  6.894  10.302  13.230  5.171  0.750 
3  23.843  37.580  16.700  13500  0566 
3  24.064  39.409  19.400  15.125.  ".  "  0.629 
2  19.325  38.962  20.460  1.809  0.094 
2  12.540  24.275  8.850  0.939  0.075 
2  10.324  23.114  7.750  1.051  0.102 
2  10.217  21.536  5.420  0.472  0.046 
2  5.133  9.858  0.980  0.170  0.033 
2  5.125  8.512  1.030  0.260  0.051 248 
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py  /  Eq.  (28)  pexv  /P  e/R  (%)I  I  Statistical.  Prop.  of 
Pex  /P 
0.207  2.006  1.00 
0.177  1.956  .  1.00  all  models: 
0.146  1.929  1.00  mean=2.48 
0.134  2.031  1.00  st.  dev.  =1.545 
0.128  2.030  1.00  cov=0.62 
0.133  2.174  1.00 
0.147  1.951  1.00  models  with 
0.121  2.027  1.00  0.35  e/R5  1.0 
0.117  1.897  1.00  mean=1.797 
0.238  1.478  1.00  st.  dev.  =0.301 
0.173  1.663  1.00  cov=0.167 
0.172  1.377  1.00 
0.150  2.169  1.00 
0.147  1.977  1.00 
0.173  1.628  1.00 
0.161  1.779  1.00 
0.214  2.229  I  1.00 
0.159  2.116  ý  1.00 
0.245  0.878  0.13 
0.351  1.316  0.11 
0.397  1.638  0.75 
0.331  1.719  1.04 
0.358  1.655  0.88 
0.041  5.882  3.00 
0.066  5.914  3.00 
0.539  1.750  0.60 
0.391  1.203  0.60 
0.808  1.357  0.30 
0.780  1.197  0.30 
0.088  6.285  2.54 
0.106  5.727  2.72 
0.136  3.577  2.46 
0.087  5.867  3.42 
0.173  4.020  2.70 
0.252  2.392  1.67 249 
APPENDIX  4 
ABAQUS  Post-Processing  Results ýýf 
o-o-c  =  0.1%R,  Load  Increment  5 
r1  G.  Fp=CTOR  =+3.  ©E+02 
250 
rL  MESH t 
251 
o-o-c  =  0.1%R,  Load  Increment  5 
,' 
QS6  VPLUE 
"4.  e1E"0© 
"5.58E"80 
"b.  54E"90 
+7.51E+00 
"8..  7E"00 
.  9.44E-80 
'1.04E'0  . 
-'J.  1.13E-01 
Y- 
+1.23E+01 
-  "1.33E"e1 
:""  r-  +1.42E+01 
"w 
+1.52E+01 
ý___ 
f  Maximum  Stress. 
"J  ."J_ 
""J  ti  ý_1v. 
fiý,  4-  Maximum  Stress 
tl  17 
Maximum  Stress 
00 
WROM 
. MIN 
Tr  'E  CQ'PIETED  I  5E02  7OTTL  PCCU-U  TED  TIME  +9.125E-02 
aas  kEFSI  DATE,  b/  7/93  T31'Ei  Ot  9i  41  STEP  1  II,  CFEF  15 252 
o-o-c  =  0.1%R,  Load  Increment  10 
MG.  FACTOR  247.0E+  01  L.  MESH 253 
o-o-c  =  0.1  %R,  Load  Increment  10 
NQSES  VFLUE 
"2.83E"0L 
-  "3.75E"0L 
"4.  b7E"01 
'5.58E'01 
"b.  50E+81 
"7.41E"01. 
*8.3ýE"01 
+9.24E"01 
+1.01E+02 
-  i.  +L.  10E"02 
+1.19E*02 
-a 
+1.29E+02 
ý 
T  hE  C  -PLErED 
Maximum  Stress  ý' 
Maximum  Stress 
TCT  L  PCC".  J  1ED  TIKE  "7.58SE-01 
STEP  1  EWr  10 
rao 
06 254 
o-o-c  =  0.1%R,  Load  Increment  15 
3 
MAG.  FPCTOR  :  44.  ©E+01  NE_.  H ,ý 
255 
o-o-c  =  0.1%R,  Load  Increment  15 
taSES  VPLUE 
"4.08E"01 
"b.  4OE"e1 
"8.73E"0L 
+1.  i0E42 
"1.33E"02 
"1.57E"02 
*1.82E*02 
+2.03E"02 
^tXý 
lj- 
"2.2bE*02 
"2.5©E"02 
12.73E+92 
-s  -  +2.9bE"02 
Wow 
i.  q^  J  ßw.  1..  "`  -ý  -. 
FS 
yiý.  "YLrV.  .  Y'ý  "  ý7  :  ",  R  1:  ý.:  »rY.  '1.  ess'"-...: 
n..  w.  v.  wÄ-y  . 
"ai  yj  or..  ti  .  r.  s"  ý  ,  ray 
ýýý.  r  H..  ":  ý'  /.:  ")  ".  ý.,  ý"1  ße1 
:  w., 
ia 
",..  wß'3  .'1:.  ý,  '..  ",  "e.  a.  _r 
00 
Maximum  Stress 
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A8'GI5  I  ý/  DAM  b/  7/93  TI  Ei  0t  9i  41  STEP  1D  EM  15 
A 256 
o-o-c  =  0.1%R,  Shell  Radial  Deflection  at  Mid-Compartment 
1 
(*1©**-1) 
LII  E  '41'&E  SGI.  E 
r.  CTER 
L  "L  OOE"09 
» 
a0 
p 
-1 
C 
i 
1 
1 
1 
1 
1 
12 
LOAD  (4104  -1) 257 
o-o-c  =  0.1%aR,  FrameRadial  Deflection  at  Mid-Compartment 258 
o-o-c  =  0.5%R,  Load  Increment  5 
MG.  FFCTCR  =+2.  ©E+02  r^E°H '  259 
o-o-c  =  0.5%R,  Load  Increment  5 
1 
Maximum  Stress 
PaSE'S  VPI.  UE 
+3.34E+00 
+5.  ?  4E"00 
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+1.29E+01 
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-j:  "2.01E"01 
+2.25E+01 
+2.49E+01 
-ý`'  '2.73E*01 
"2.97E"0. 
TIM  cad 
a 
'INE  .  9.125E-02 
18ý(T  5 260 
o-o-c  =  0.5%R,  Load  Increment  10 
MG.  FFCTOR  =+1.  OE+©1  MESH t 
o-o-c  =  0.5%R,  Load  Increment  10 
261 
1 
Maximum  Stress 
tas  VPLUE 
"2.  b2E+a1 
"4.  b5E"01 
"b.  b7E"01 
"8.70E+01 
+1.07E"02 
"1.27E"02 
+I.  47E+02 
"1.  b7E"02 
+1.8ßE402 
-,  +-- 
s-  "2.08E+a2 
+2.28E+02 
-:  +2.4ßE"02 
rB'E  ca 
TD'VE  "1.588E-01. 
1  XIZI-ENT  10 o-o-c  =  0.5%R,  Load  Increment  15 
l_, 
__2 
MAG.  FPCTOR  =+3.0E4 
262 
EH 263 
o-o-c  =  0.5%R,  Load  Increment  15 
.... 
ý  ýi 
POSE  VPLUE 
"5.53E"01 
"0.  b5E"01 
"I..  7E"02 
"1.46E"82 
-  #I.  79E+02 
"2.11E"02 
"2.42E+02 
+2.73E"02 
+I.  ©4Eº02 
"ý  "3.35E"a2 
;ý,  +3.  bbE+82 
"3.98E#02 
TIM  ca 
aWMS 
1 
'IME  "2.681E+00 
1  I'INT  15 264 
o-o-c  =2%R,  Load  Increment  5 
ýý 
G.  FACTOR  =47.47E+01  MESH 265 
0-0-C  =  2%R,  Load  Increment  5 
hIISE5  VFLUE 
"L.  LýE"aL 
"1.93E"01 
"2.7.  ^E"0L 
"3.51'01 
"4.30E-0L 
"5.09'01 
$5.  BBE'01 
- 
'-  "b.  b7E"a1 
"0.24'01 
*9.03E"01 
"9.82E"ai. 
ra-E  ca 
.  --  A--, 
Maximum  Stress 
+9.125E-92 
ZNCFE'EM  5 
1 ....  -- 
ý.;  ý, 
.ý 
266 
o-o-c  =  2%R,  Load  Increment  10 
1 
Maximw 
ruSE5  va.  tE 
"a.  00E"01 
"b.  63E"01 
-  +9.  bbE+0i 
*1.24E+02 
"1.53E+02 
-  "1.61E"92 
+2.0ßE"02 
- 
? 
--'2.38  '"  2 
+2.  bbE+02 
"2.94E"32 
*3.23E+92 
"3.51E"02 
TDIE  Car 
ADýQS 
INE  "5.595E-01. 
1D  ENf  10 ýý 
.1ýS 
o-o-c  =  2%R,  Load  Increment  15, 
F!  VPLUE 
"3.87E"01 
"b.  90E"01 
"9.93E+0i 
+1.29E+02 
"t.  59E"02 
"1.90E"02 
*2.20E+02 
"2.50E"02 
+2.81E+02 
ýý,  j--  "3.11E"02 
+3.  i1E+02 
4-3.72E#2 
k-1,  TII-E  CQIPLETED 
P&t  B  VERSI13 
267  ' 
Ma' 
PFT9E-00  1 DTPL  AMP11ATED  TINE  +1.129E+00 
DAM  b/  7/93  TD-E,  3*  231  2  STEP  1  347e-VAT  15 
1 
y 268 
APPENDIX  5 
Design  Solutions  for  Partial  Safety  Factor  Optimisation 
In ý  `i ", 
The,  app.  5 
R,  Pa  t 
L,  dw 
m  (N  /  mmz)  rrun  mm  mm 
237 
'S  4.0  300  42  704 
72  268 
HYSO  4.0  300  34  6 
283 
HY100  4.0  300  32  669 
70  236 
HY130  4.0  300  31  6 
673  163 
HTS  4.0  600  94 
76  226 
HY80  4.0  600  61  6 
HY100 
HY130 
4.0 
4.0 
600 
600 
52 
42 
633 
670 
238 
226 
HY100  4.0  I  1500  149  668  152 
HY130  4.0  1500  119  669  187 
HTS  2.5  ý  300  32  703  272 
HY80  2.5  300  25  589  201 
HY100  2S  300  23  559  205 
HTS  2.5  600  53  625  204 
HY80  2S  600  39  652  259 
HY100  I  2.5  600  35  627  263 
HY130  2S  600  32  6L  250 
133 
HTS  25  1500  169  682 
HY80  2.5  1500  91  639  166 
HY100  2S  1500  70  685  195 
HY130  2.5  1500  58  780  218 
HTS  1.0  300  16  532  84 
HY80  1.0  300  14  509  77 
HY100  1.0  300  13  490  --  87 
HTS  1.0  600  27  516  171 
HY80  1.0  600  21  519  123 
HY100 
HY130 
1.0 
1.0 
600 
600 
19 
18 
502 
508 
92 
100 
HTS  1.0  1500  66  638  135 
155 
HY80  1.0  1500  41  557 
,  160 
HY100 
HY130 
1.0 
1.0 
1500 
1500 
34 
30 
520 
515  131 270 
The,  app.  5 
tW  N  tf  W  H/  O  py 
mm  mm  min  ton  IN  /  mm') 
27  200  67  161.650  0.261  5.42 
14  184  34  111.870  0.181  5.42 
15  167  (  22  100.600  {  0.163  5.45 
14  156  21  {  94.100  0.152  5.42 
56  212  140  {  346.670  0.572  {  10.85 
31  216  78  219.710  {  0.362  10.87 
25  185  63  181.850  0.300  10.86 
27  155  66  150.970  0.249  {  10.93 
61  212  151  {  487.970  0.805  27.14 
48  205  118  {  388.970  {  0.642  27.19 
13  {  141  30  {  77.424  0.262  {  5.49 
12  96  28  60.790  0.205  5.48 
11  {  100  19  {  54.890  0.185  SS1 
32  {  175  77  {  151.990  0.514  10.87 
23  183  33  103.290  {  0.349  10.97 
14  {  150  30  {  85.940  0.290  10.88 
15  148  22  {  78.240  {  0.264  10.90 
{ 
69  210  172  428.870  1.449  27.14 
56  181  139  259.830  0.878  27.14 
44  193  110  200.830  0.679  27.92 
35  204  86  161.400  0.545  27.22 
8  60  18  4.670  0.296  5.42 
8  51  13  3.980  0.252  _,  5.59 
8  39  9  3.730  0.236  5.69 
12  59  {  29  {  8.150  0.516  (  11.41 
9  61  16  6.030  {  0.382  10.93 
10  48  20  5.470  0.346  10.90 
10  51  12  5.110  0.323  11.42 
27  141  63  20.410  1.292  2751 
17  96  43  12.540,  0.794  27.14 
21  68  31  10.600  0.671  29.76 
12  70  28  {  8.850  0.560  27.31 tg 
271 
The,  app.  5 
lpyp  [N  I6,  /  41 
Fat  f  Eq.  (33) 
(N  /  mm2)I  (N  /  mm')  I N/  mm2) 
5.42  4.68  10.97 
6.21  4.48  5.81 
6.87  4.49  3.37 
7.26  4.52  3.44 
11.18  12.16  32.26 
11.64  10.97  17.75 
12.32  10.82  10.22 
12.43  I  9.12  6.22 
30.15  33.95  45.04 
31.68  34.29  30.18 
5.81  4.45  7.15 
6.53  4.58  3.43 
6.85  4.54  I  3.03 
(! 
10.85  10.08  29.52 
11.82  9.17  1556 
12.51  9.09  8.93 
13.21  9.05  7.61 
! 
28.65  32.06  125.30 
28.01  28.65  54.60 
27.84  25.81  45.65 
28.39  22.61  3953 
5.75  4.45  14.17 
7.07  4.75  8.73 
7.79  4.45  3.24 
11.56  9.12  8.90 
12.54  9.22  10.20 
1351  9.36  8.26 
15.21  9.47  6.85 
31.94  22.93  19.98 
27.19  22.71  50.40 
36.35  22.61  16.16 
3057  22.77  18.72 272 
APPENDIX  6 
BS5500  [241  Method  for  Effective  Breadth  Calculation 273 
The  following  method  is  used  to  calculate  the  effective  breadth  of  plating 
associated  with  a  frame  using  the  method  given  in  BS  5500  (24).  The  variables, 
a,  b,  c  are  arbitrary  variables  used  in  this  appendix.  Tables  A6.1  to  A6.4  give 
values  of  Le/Ls,  and  Table  A6.5  is  used  to  provide  correction  factors  in  cases 
outside  the  range  of  the  other  Tables. 
Initially,  the  following  values  are  calculated: 
a=R  and  b=- 
z 
2  12R2  mm 
If  b<10-7,  Le  is  set  to  Ls. 
Using  the  values  of  b,  one  or  two  of  Tables  A6.1  to  A6.4  are  selected  for  use: 
b  >_  10':  Table  A6.1 
10-4>  b  10-5:  Tables  A6.1  and  A6.2 
101  >b  10'6:  Tables  A6.2  and  A6.3 
10'  >bý  10'':  Tables  A6.3  and  A6.4 
Then  for  each  table  selected  a  value  for  Le/  Ls  is  calculated.  If  0>a; 
-> 
0.1  then 
given  mode  number  n,  linearly  interpolate  in  the  table  for  a  to  obtain  the 
value  of  Le/Ls.  Then  using  the  row  of  Table  A6.5  which  corresponds  to  the 
current  table,  retrieve  a  value  for  the  correction  factor  Z.  Then  set: 
Le  C 
+(a-0. 
) 
z 
L,  100a 
2  6.28a' 
Finally,  if  two  tables  were  selected,  logarithmic  interpolation  for  b  is  used  to 
obtain  the  final  value  of  Le/Ls  and  thus  Le.  If  n>  20,  n=  20  is  used  in 
accessing  all  the  tables. 274 
Table  A6.1 
Values  of  Le/Ls  for  b= 
122  82 
>_  10- 
mode  n 
a= 
L' 
2nR,, 
2  3  4  5  6 
0  1.0980  1.0980  1.0980  1.0980  1.0980 
0.01  1.0823  1.0823  1.0663  1.0663  1.0504 
0.02  1.0663  1.0504  1.0265  0.9948  0.9629 
0.03  1.0504  1.0027  0.9549  0.9019  0.8435 
0.04  0.9907  0.9231  0.8515  0.7838  0.7082 
0.05  0.8976  0.8276  0.7512  0.6716  0.5952 
0.06  0.7921  0.7298  0.6609  0.5871  0.5143 
0.07  0.6866  0.6321  0.5707  0.5025  0.4343 
0.08  0.6111  0.5630  0.5088  0.4480  0.3877 
0.09  0.5355  0.4940  0.4470  0.3935  0.3410 
0.10  0.4600  0.4249  0.3852  0.3390  0.2944 
Table  A6.2 
2 
Values  of  Le/Ls  for  b  =1=  =10- 
mode  n23456  L 
a=  2nRm 
0  1.0980  1.0980  1.0980  1.0980  1.0980 
0.01  1.0323  -1.0823  1.0663  1.0663  1.0504 
0.02  1.0345  1.0186  0.9947  0.9629  0.9311 
0.03  0.9019  0.8807  0.8541  0.8117  0.7639 
0.04  0.7242  0.7003  0.6724.  0.6326  0.5929 
0.05  0.5602  0.5411  0.5200  0.4934  0.4647 
0.06  0.4483  0.4350  0.4218  0.4005  0.3793 
0.07  0.3752  0.3661  0.3547  0.3388  0.3206 
0.08  0.3263  0.3163  0.3084  0.2964  0.2805 
0.09  0.2920  0.2847  0.2775  0.2660  0.2525 
0.10  0.2531  0.2531  0.2467  0.2355  0.2244 275 
Table  A6.3 
Z 
Values  of  Le/Ls  for  bT  =10ý 
L  mode  n23456 
a=  2nRm 
0  1.0980  1.0980  1.0980  1.0980  1.0980 
0.01  1.0663  1.0504  1.0504  1.0504  1.0345 
0.02  0.8276  0.8196  0.8037  0.7878  0.7719 
0.03  0.5252  0.5199  0.5146  0.5040  0.4934 
0.04  0.3740  0.3700  0.3661  0.3621  0.3541 
0.05  0.2960  0.2928  0.2897  0.2865  0.2801 
0.06  0.2661  0.2632  0.2604  0.2575  0.2521 
0.07  0.2362  0.2336  0.2311  0.2285  0.2241 
0.08  0.2063  0.2040  0.2018  0.1996  0.1961 
0.09  0.1763  0.1744  0.1725  0.1706  -0.1681 
0.10  0.1464  0.1448  0.1432  0.1416  0.1401 
Table  A6.4 
T2 
Values  of  Le/Ls  for  b  =1282  =10''' 
m 
L, 
mode  n 
a=2nRm 
2  3  4  5  6 
0  1.0980  1.0980  1.0980  1.0980  1.0980 
0.01  0.9072  0.9072  0.8913  0.8913  0.8913 
0.02  0.4297  0.4297  0.4218  0.4218  0.4218 
0.03  0.2759  0.2759  0.2759  0.2759  0.2759 
0.04  0.2207  0.2207  0.2207  0.2191  0.2191 
0.05  0.1655  0.1655  0.1655  0.1623  0.1623 
0.06  0.1487  0.1487  0.1487  0.1461  0.1461 
0.07  0.1324  0.1318  0.1318  0.1299  0.1299 
0.08  0.1159  0.1149  0.1149  0.1136  0.1136 
0.09  0.0993  0.0980  0.0980  0.0974  0.0974 
0.10  0.0828  0.0812  0.0182 
. 
0.0812  0.0812 ! 
4--ý 
276 
Table  A6.5 
Values  of  correction  factor  Z 
mode  n2  3  4  5  6 
t2 
r  2Rm 
10'1'  0.273  0.257  0.235  0.207  0.180 
10"5  0.159  0.159  0.154  0.147  0.140 
10'0  0.091  0.090  0.090  0.089  0.087 
10-7  0.051  0.051  0.051  0.051  0.051 
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